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1.0, INTRODUCTION 
I n  many space veh ic l e  maneuvers, t h e  t h r u s t  l e v e l s  a re  
s u f f i c i e n t l y  hi.gh and t h e  t h r u s t i n g  p e r i o d s  s u f f i c i e n t l y  s h o r t  when 
compared wi th  t h e  f l i g h t  t i m e ,  t h a t  i t  i s  u s e f u l  t o  approximate t h e  
t h r u s t  p e r i o d  by a n  impulsive t h r u s t  (i .e.,  a n  i n s t a n t a n e o u s  change 
i n  v e l o c i t y  w i t h  no change i n  p o s i t i o n ) .  
I f  t h i s  approximation i s  t o  be used, t h e r e  remains t h e  
q u e s t i o n  of t h e  nunber, s i z e ,  point  of a p p l i c a t i o n ,  and d i r e c t i o n  o f  
a p p l i c a t i o n  o f  t h e s e  impulses.  S ince  t h e r e  i s  u s u a l l y  an i n f i n i t e  
number of ways i n  which impulses can be used t o  perfonn any given 
maneuver, some r u l e  m u s t  be adopted f o r  s e l e c t i n g  t h e  one a c t u a l l y  
t o  be used. The most commonly-used r u l e  i s  t o  s e l e c t  t h a t  maneuver 
which w i l l  u t i l i z e  t h e  least  fuel .  Th i s  s e l e c t i o n  i s  based on t h e  
assumption t h a t  t h e  less f u e l  used, t h e  smaller, cheaper and more 
* 
r e l i a b l e  the  s y s t e m  w i l l  be, and, hence, t h e  more d e s i r a b l e .  
While t h e r e  i s  some merit t o  t h i s  assumption, i t  i s  n o t  
n e c e s s a r i l y  an i n f a l l i b l e  guide.  For example, a number of r e c e n t  
i n v e s t i g a t i o n s  have shown t h a t  f o r  v a r i o u s  maneuvers, t h e  fue l -op t ima l  
number of  impulses may be r a t h e r  l a r g e ,  perhaps running as high as s i x .  
2 
The weight and r e l i a b i l i t y  problems a s s o c i a t e d  w i t h  r e a l i z i n g  s i x  
s e p a r a t e  impulses mot iva t e  a re-examinat ion of t h e  minimum-fuel 
3 
c r i t e r i o n .  As a f i r s t  s t e p  i n  t h i s  re-examinat ion,  i t  i s  o f  i n t e r e s t  
t o  inqui-ce j u s t  how much f u e l  i s  saved i n  t h e s e  m u l t i p l e  impulse 
maneuvers. 
t han  a two-impulse maneuver, then t h e  two-impulse approach may be 
p r e f e r r e d .  
Thus, i f  a s ix- impulse maneuver t a k e s  on ly  1% less f u e l  
T-VLL 1 s a c o r e c t i o n  f a v a i l a b l e  
in fo rma t ion  r e l a t i n g  t o  the  amount o f  f u e l  saved by us ing  many 
impulses r a t h e r  t han  t h e  minimum number r e q u i r e d  t o  accomplish 
t h e  maneuver. Xven a cursclry examination oT the  i i t e r a i u r e  reveals 
t h a t  t h e r e  i s  no s i n g l e  answer t o  t h i s  q u e s t i o n .  
maneuvers f o r  which m u l t i p l e  impulses p r e s e n t  no advantage whatever.  
There are o t h e r s  f o r  which they make p o s s i b l e  a moderate f u e l  s av ing .  
There are some 
There a re  s t i l l  o t h e r  c a s e s  i n  which t h e  mul t ip l e - impu l se  op t ion  
is extremely advantageous.  
Accordingly,  a number o f  d i f f e r e n t  maneuvers are d i scussed  
s e p a r a t e l y  i n  the  fol lowing s e c t i o n s ,  and t h e  a v a i l a b l e  information 
on comparisons i s  reviewed f o r  each one. Before proceeding w i t h  
t h e s e  separate d i s c u s s i o n s ,  a gene ra l  space maneuver problem i s  
formulated,  and i t s  s t a t u s  i s  reviewed. I f  i t  i s  e v e r  t o  be 
p o s s i b l e  t o  make g e n e r a l  s ta tements  about  t he  optimum number o f  
impulses ,  those s t a t emen t s  w i l l  probably be based on t h e  theory of  
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1.0. INTRODUCTION 
I n  many space v e h i c l e  maneuvers, t h e  t h r u s t  levels are 
s u f f i c i e n t l y  h igh  and t h e  t h r u s t i n g  pe r iods  s u f f i c i e n t l y  s h o r t  when 
compared wi th  t h e  f l i g h t  t i m e ,  t h a t  i t  i s  u s e f u l  t o  approximate t h e  
t h r u s t  per iod  by an  impulsive t h r u s t  ( i . e . ,  an  in s t an taneous  change 
i n  v e l o c i t y  wiith no change i n  pos i t i on ) .  
I f  t h i s  approximation i s  t o  be used,  t h e r e  remains t h e  
ques t ion  of  t h e  number, s i z e ,  po in t  of  a p p l i c a t i o n ,  and d i r e c t i o n  of 
a p p l i c a t i o n  of  t h e s e  impulses.  S ince  t h e r e  i s  u s u a l l y  an i n f i n i t e  
number of  ways i n  which impulses can be used t o  perform any given 
maneuver, some r u l e  must be adopted f o r  s e l e c t i n g  t h e  one a c t u a l l y  
t o  be  used. The most commonly-used r u l e  i s  t o  select  t h a t  maneuver 
which w i l l  u t i l i z e  t h e  least  f u e l .  This  s e l e c t i o n  i s  based on t h e  
assumption t h a t  t h e  less  f u e l  used, t h e  smaller, cheaper  and more 
r e l i a b l e  the  system w i l l  be ,  and, hence, t h e  more d e s i r a b l e .  
While t h e r e  i s  some mer i t  t o  t h i s  assumption, i t  i s  n o t  
n e c e s s a r i l y  an i n f a l l i b l e  guide.  For example, a number of  r e c e n t  
i n v e s t i g a t i o n s  have shown t h a t  f o r  va r ious  maneuvers, t h e  fue l -opt imal  
number of  i m p u l s e s  may be r a t h e r  l a r g e ,  perhaps running as high as s ix .  
2 
The weight and r e l i a b i l i t y  problems a s s o c i a t e d  w i t h  r e a l i z i n g  s i x  
separate impulses mot iva t e  a re-examination o f  t h e  minimum-fuel 
c r i t e r i o n .  A s  a f i r s t  s t e p  i n  t h i s  re-examination, i t  i s  o f  i n t e r e s t  
t o  i n q u i r e  j u s t  how much f u e l  i s  saved i n  t h e s e  m u l t i p l e  impulse 
maneuvers. Thus, i f  a s ix- impulse maneuver t a k e s  only 1% less f u e l  
t han  a two-impulse maneuver, then the two-impulse approach may be 
p r e f e r r e d .  
T h i s  r e p o r t  i s  a c o l l e c t i o n  and c o r r e l a t i o n  of a v a i l a b l e  
in fo rma t ion  r e l a t i n g  t o  t h e  amount of f u e l  saved by u s i n g  many 
impulses r a t h e r  than t h e  minimum number r e q u i r e d  t o  accomplish 
the inaneuvcr. Sven a cur so ry  examinstion oT the i i t e r a L u r e  r e v e a l s  
t h a t  t h e r e  i s  no s i n g l e  answer t o  t h i s  ques t ion .  There a r e  some 
maneuvers f o r  which m u l t i p l e  impulses p r e s e n t  no advantage whatever.  
There are o t h e r s  f o r  which they make p o s s i b l e  a moderate f u e l  saving.  
There are s t i l l  o t h e r  c a s e s  i n  which t h e  mul t ip l e - impu l se  op t ion  
i s  extremely advantageous. 
Accordingly,  a number of d i f f e r e n t  maneuvers are  d i scussed  
s e p a r a t e l y  i n  the  fol lowing s e c t i o n s ,  and t h e  a v a i l a b l e  information 
on comparisons i s  reviewed f o r  each one. 
t h e s e  separate d i s c u s s i o n s ,  a general  space maneuver problem i s  
formulated,  and i t s  s t a t u s  i s  reviewed. I f  i t  i s  eve r  t o  be 
p o s s i b l e  t o  make g e n e r a l  s ta tements  about t h e  optimum number of 
impulses,  those s t a t emen t s  w i l l  probably be based on t h e  theory of 
t h e  gene ra l  pro3lem. 
Before proceeding wi th  
3 
1.1. Previous S u r v e z  
Xhile t h e  s u b j e c t  h a s  appa ren t ly  never  been reviewed from 
e x a c t l y  t h e  s t andpo in t  considered h e r e ,  t h e r e  are s e v e r a l  p u b l i c a t i o n s  
reviewing t h e  f i e l d s  o f  opt imal  c o n t r o l  and opt imal  t r a j e c t o r i e s  
which c o n t a i n  many r e l e v a n t  r e fe rences  and d i s c u s s i o n s  on t h e  s u b j e c t .  
* 
Lawden (83) p r e s e n t s  a concise  review of t h e  s t a t u s  o f  t h e  
theo ry  o f  opt imal  t r a j e c t o r i e s  i n  gene ra l ,  and impulsive t r a j e c t o r i e s  
i n  p a r t i c u l a r  a t  t h e  t i m e  of p u b l i c a t i o n  (1963). 
i s  on t h e  g e n e r a l  problem, necessary c o n d i t i o n s ,  and s t r u c t u r e  of t h e  
s o l u t i o n .  These are a l l  areas t o  which Lawden h imse l f  made s u b s t a n t i a l  
c o n t r i b u t i o n s  a u r i n g  t h e  preceeding decade. Two surveys of opt imal  
c o n t r o l  theory by Paiewonsky (115) and Athans ( 4 )  a l s o  c o n t a i n  some 
d i s c u s s i o n  of and r e f e r e n c e s  f o r  t he  optiinal impulsive problem. Two 
su rveys  by Leitmann (87, 88) are  more s p e c i f i c a l l y  o r i e n t e d  toward 
t r a j e c t o r y  problems, both impulsive and non-impulsive.  
and Dowlen and Seddon (30) review a number of space maneuvers and 
d i s c u s s  u s e f u l  ways of performing them. 
p a r t i c u l a r l y  e x t e n s i v e  l i s t  of r e fe rences .  
Lawden's primary emphasis 
Edelbaum (35) 
The l a t t e r  work has  a 
The surveys which come c l o s e s t  t o  t h e  p r e s e n t  one are  those by 
Edelbaum ( 3 4 , 3 7 ) .  These papers  review t h e  f i e l d  of impulslve 
t r a n s f e r  and enumerate t h e  r e s u l t s  a v a i l a b l e  on maneuvers which have 
been opt imized,  and t h e  opt imal  number of impulses f o r  each. Edelbaum 
was n o t  p r i m a r i l y  concerned wi th  a comparison between t h e s e  optimal and 
v a r i o u s  reasonable  non-optimal maneuvers. 
* Numbers i n  parentheses  i n d i c a t e  r e f e r e n c e s .  
4 
I L.2. Sta tement  o f  a General Fuel-Optimal Problem (Problem A) 





1.2-2) r(t) = r(ts) 4- r v(T)dT 
t 
S 
where v, r, g and CY are th ree -vec to r  f u n c t i o n s  de f ined  on t L t L t2. 1 -  - 
L e t  g(T,r(T))have two cont inuous d e r i v a t i v e s  w i t h  r e s p e c t  t o  a l l  
arguments.  The second i n t e g r a l  of  equa t ion  (1.2-1) i s  a L e b e s q u e - S t i e l t j e s  
i n t e g r a l  and V(T)  i s  a non-decreasing(sca1ar)  func t ion  of bounded 
v a r i a t i o n  wi th  V ( t  ) = 0. The func t ion  CY(T) i s  a measurable  f u n c t i o n  
r e s t r i c t e d  by 
1 
t l L t L t 2  . - -  
The boundary cond i t ions  tly v( t l )  , r(Ll); t2 ,v(t,) , r(t2) must 
l i e  on some reg ion  BCE~~'' which i s  de f ined  as t h e  se t  of  a l l  v a l u e s  
s a t i s f y i n g  t h e  equa t ion  
where 11 i s  a p -vec to r ,  p L 14. 6 i s  a v e c t o r  composed o f  t h e  parameters  
s p e c i f y i n g  t h e  d e t a i l s  of t h e  problem be ing  cons idered ,  For example, i n  
an o r b i t  t r a n s f e r ,  8 might conta in  t h e  o r b i t a l  e lements  o f  t h e  i n i t i a l  
and f i n a l  o r b i t s .  
A se t  o f  c o n t r o l s  a ( t ) ,  V ( t ) ,  t L t L t and t h e  t r a j e c t o r y  1 -  - 2 
v ( t ) ,  r ( t ) ,  t l  L t L t are s a i d  t o  be  admiss ib l e  i f :  a) t h e  equa t ions  - - 2  
* Tne maximum number o f  boundary cond i t ions  which can be s p e c i f i e d  i s  
14: i n i t i a l  and f i n a l  va lues  of r( t)  2nd v ( t )  and t h e  i n i t i a l  and 
f i n a l  va lues  o f  t .  
5 
of motion (1.2-1) and (1.2-2) a r e  s a t i s f i e d ;  b) a(t)  s a t i s f i e s  
( 1 . 2 - 3 ) ;  c) t h e  boundary cond i t ions  s a t i s f y  (1.2-4) .  
The opt imizat ion 'problem t o  be so lved  is: o u t  of a l l  t h e  
admiss ib l e  t r a j e c t o r i e s ,  f i n d  the one which minimizes V ( t  ) ( i f  such a 
minimj-zing t r a j e c t o r y  e x i s t s )  . 
2 
To re la te  t h i s  problem t o  a more f a m i l i a r  one, suppose t h a t  
V ( t )  i s  continuous everywhere and d i f f e r e n t i a b l e  a lmost  everywhere. 
Where t h e  d e r i v a t i v e  o f  V ( t )  exists,  d e s i g n a t e  i t  by a ( t ) ,  s o  t h a t ,  
a lmost  everywhere, 
1.2-5) 
Then Equations (1.2-1) and (1.2-2) may be d i f f e r e n t i a t e d  i n  t h e  o rd ina ry  
sense ,  y i e l d i n g  
1 .2-6)  + = g ( t , r )  + cr(t)a(t) 
1.2-7) i- = v  
o r ,  combining t h e  two, 
Th i s  i s  t h e  equa t ion  o f  motion of a p o i n t  mass, moving i n  a g r a v i t a t i o n a l  
f i e l d  g ( t , r )  and under t h e  in f luence  of  a t h r u s t  a c c e l e r a t i o n  of magnitude 
a ( t )  i n  t h e  d i r e c t i o n  of t h e  u n i t  v e c t o r  a ( t ) .  
I f ,  fur thermore,  a ( t )  i s  assumed t o  be piecewise cont inuous,  
then one o b t a i n s  a convent ional  c o n t r o l  problem wi th  t h e  f u n c t i o n  t o  be 
minimized 
t 2  
1 .2-9)  v ( t  = J' a ( t ) d t  . 
tl 2 
The q u a n t i t y  V ( t  ) i s  f r equen t ly  c a l l e d  t h e  " c h a r a c t e r i s t i c  
2 
v e l o c i t y "  a s s o c i a t e d  wi th  t h e  t r a j e c t o r y .  Minimizing i t  w i l l  minimize t h e  
amount of f u e l  used, i f  one i s  consider ing a t y p i c a l  chemical rocke t  
6 
mechanism and i f  a l l  t h e  f u e l  has  t h e  same s p e c i f i c  impulse. 
of  V i s  p ropor t iona l  t o  t h e  t h r u s t .  Thus, i f  V i s  c o n s t a n t ,  no t h r u s t  
i s  be ing  app l i ed .  
magnitude i s  i n d i c a t e d .  
impuls ive  t h r u s t  i s  app i e d  a t  t h a t  p o i n t .  
i s  p r o p o r t i o n a l  t o  t h e  magnitude o f  t h e  d i s c o n t i n u i t y  i n  V. 
The s lope  
I f  V has  a f i n i t e  s l o p e ,  then  a t h r u s t  of f i n i t e  
I f  V i s  d iscont inuous  a t  some p o i n t ,  then  an  
The magnitude of t h e  impulse 
For  subsequent d i scuss ion ,  t h e  op t imiza t ion  problem def ined  
above i s  des igna ted  as Problem A .  I f  a s o l u t i o n  ex is t s ,  t h e r e  w i l l  
be a c e r t a i n  va lue  of  V ( t  ) a s s o c i a t e d  wi th  t h e  opt imal  t r a j e c t o r y .  
Des igna te  t h i s  minimum c h a r a c t e r i s t i c  v e l o c i t y  by J and observe t h a t  
i t  w i l l  be a func t ion  o f  t h e  problem parameters  r ep resen ted  i n  t h e  v e c t o r  6 .  




1.3. Necessary Conditions and S u f f i c i e n t  Condi t ions 
Necessary cond i t ions  were developed f o r  t h i s  problem by Lawden 
i n  a ser ies  of papers  which a r e  summarized i n  h i s  book (83). 
does n o t  make use of  an  i n t e g r a l  equat ion  r e p r e s e n t a t i o n ,  bu t ,  r a t h e r ,  
d i f f e r e n t i a l  equat ions .  H e  deduces formally what w i l l  happen i n  t h e  
case o f  bounded t h r u s t  as t h e  t h r u s t  becomes l a r g e .  
Lawden 
Lawden and o t h e r s  have used t h i s  approach t o  draw v a r i o u s  
conclus ions  about  t h e  n a t u r e  of  the opt imal  t r a j e c t o r y ,  and such 
conclus ions  a p p e a r  t o  be c o r r e c t .  However, t h e r e  remained the  ques t ion  
of r i g o r o u s  j u s t i f i c a t i o n  of  t hese  r e s u l t s .  
Four p a p e r s  appeared almost s imultaneously i n  1965 d e a l i n g  
w i t h  optimum c o n t r o l  problems i n  which impulses appeared. These were 
by  Neus tad t  (110) , Schmaedelce (130) , Rishe l  (124) and Warga (149). 
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Of these, only Neustadt (110) considered exactly the same 
problem as Lawden. 
problems. 
conjectures are valid. He established necessary conditions for a 
problem similar to that stated at the beginning of this section, though 
he used fixed initial conditions. This restriction is not essential, 
however, and could be removed with relative ease, at the cost of 
additional transversality conditions. 
Schmaedeke (130) defined what he called "measure differential 
The others were working with more general control 
Neustadt showed' that, under proper hypotheses, Lawden's 
equations" which are really equations like (1.2-1) which have been 
formally differentiated. 
version in deriving many of his results. Most oE his paper deals with 
extending classical results in differential equations to this type of 
equation, e.g., existence, uniqueness, dependence on initial conditions, 
etc., which do not relate specifically to optimization problems. 
He does state an optimization problem an',py,,ves some existence theorems. 
In fact, he made use of the integral equation 
He does not, however, develop necessary conditions. 
Rishel (124) used an interesting transformation of the independent 
variable to reduce the impulsive problem to one which fits within the 
classical Pontryagin or variational framework. Necessary conditions can 
then be derived directly from the usual ones. Rishel assumed that the 
initial and final states were fixed, but in view of his method of 
procedure it is a trivial matter to remove this restriction, as he points 
out'himself in a later paper (125). 
Warga's (149) procedure is somewhat similar to Rishel's; reducing 
the impulsive problem to the usual problem by changing the independent 
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v a r i a b l e .  Warga, however, t r e a t s  t h e  problem wi th  s ta te  v a r i a b l e  
c o n s t r a i n t s ,  fol lowing some o f  h i s  own ear l ier  work on t h a t  s u b j e c t .  
To summarize, f o r  t h e  general  problem, necessa ry  c o n d i t i o n s  
are a v a i l a b l e  which make i t  poss ib l e  t o  d e r i v e  t h e  two-point boundary 
va lue  problem whose s o l u t i o n  might be t h e  optimum t r a j e c t o r y .  Some 
problems have been solved a n a l y t i c a l l y  u s i n g  t h e s e  necessa ry  c o n d i t i o n s  
(110, 125), and some e x i s t e n c e  r e s u l t s  are a v a i l a b l e .  
C e r t a i n  very d e s i r a b l e  pieces of i n fo rma t ion  are mis s ing ,  
however. It appea r s ,  on t h e  b a s i s  of experience wi th  t h e  problem, t h a t  
impulsive c o n t r o l  i s  a l w a y s  a t  l e a s t  as good as t h e  best cont inuous o r  
mixed c o n t r o l .  It i s  n o t ,  however, p o s s i b l e  t o  asser t  t h i s  i n  any 
r i g o r o u s  way, f o r  t h e  gene ra l  case.  Nor can i t  be e s t a b l i s h e d ,  i n  
g e n e r a l ,  how many impulses should be used t o  come w i t h i n  some given 
increment of t h e  a b s o l u t e  minimum o f  f u e l .  These a r e  both q u e s t i o n s  o f  
c o n s i d e r a b l e  p r a c t i c a l  s i g n i f i c a n c e ,  b u t  t hey  remain open a t  p r e s e n t .  
Lawden argued some years  ago (74) t h a t  t h e  opt imal  t h r u s t  
program w a s  always impulsive.  However, when h e  l a t e r  discovered (81) 
an arc  wi th  i n t e r m e d i a t e  t h r u s t  ( n e i t h e r  n u l l  t h r u s t  nor  i n f i n i t e  t h r u s t )  
which s a t i s f i e d  many o f  t h e  necessary c o n d i t i o n s ,  he expressed doubts  
about  h i s  former conc lus ions .  
F u r t h z r  a n a l y s i s  (70,126), e s p e c i a l l y  t h a t  of Kopp and Moyer (70) 
developed a d d i t i o n a l  necessary condi t ions which were no t  s a t i s f i e d  a long  
Lawden's i n t e r m e d i a t e  t h r u s t  a r c ,  Th i s  shows t h a t  t h i s  p a r t i c u l a r  a r c ,  
a t  l ea s t ,  i s  n o t  an optimum. McCue and Hoy (98) a l s o  showed t h i s  
numer i ca l ly .  
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While intermediate-thrust arcs cannot be completely excluded 
(126,47), they have yet to be shown superior to impulsive trajectories 
in any problem of practical interest. There are some cases where 
intermediate-thrust arcs are known which give the same fuel utilization 
as impulsive ones, but none where they are better. 
A s  will be mentioned later, if there is only one attracting 
center, it can be shown that impulsive thrusting is optimal in coplanar 
problems. 
available. 
In the general problem, however, analogous results are not 
1.4. Statement of  an n-Impulse Fuel-Optimal Problem (Problem B ) n - 
The general problem stated in section 1.2 is clearly a 
variational problem. It could encompass purely continuous thrust, 
purely impulsive thrust, mixed continuous and impulsive thrust, or, 
for that matter, more complex types of control such as "chattering" or 
"sliding state" control. 
Suppose, however, only purely impulsive control is admitted. 
Further, SUQQOSE the number of impulses is selected in advance, Then 
the fuel-optimal problem becomes an ordinary minimization problem. 
This is considerably easier to treat, either nathematically or computationally. 
Under these assumptions, the function V(t) may be represented as 
n 
k = l  
1.4-1) V ( t )  = c I k u(t - 'k) Y 
where u(t) is the unit step function and I is the magnitude of the k 










equa t ions  (1.2- 1) and (1.2-  2) become 
The problem i s  now t h a t  of s e l e c t i n g  t h e  5n parameters  
1.4-4) 
t o  minimize 
n 
k = l  
I = V(t , )  = c Ik 
s u b j e c t  t o  t h e  requirement t h a t  the  boundary cond i t ions  of equat ion  
(1.2-4) are m e t ,  and a l s o  t h a t  
1.4-5) k=1,2- .n  . 
It might be argued t h a t  t h e r e  are  r e a l l y  only  4n parameters  
t o  be  s e l e c t e d ,  s i n c e  t h e  t h r e e  components of  each a('rk) are n o t  
independeqt  of each o t h e r .  I t  takes  only two parameters  t o  s p e c i f y  a 
d i r e c t i o n  i n  space.  However, all two-parameter s p e c i f i c a t i o n s  of  a 
d i r e c t i o n  i n  space s u f f e r  from ambiguity a t  some p a r t i c u l a r  d i r e c t i o n ,  
so  t h e  more d e f i n i t e  three-parametzr-plus-constraint r e p r e s e n t a t i o n  has  
been used here .  
Using t h i s  r e p r e s a n t a t i o n ,  t h e  impulses are com?letely spec i f ied .  
by a v e c t o r  w i th  5n components, which i s  des igna ted  h e r e  by s. The 
v e c t o r  s cannot be f r e e l y  chosen. L e t  S be t h e  s e t  of a l l  v e c t o r s  s 
such tha t ,  i f  t he  i m p u l s e s  a r e  pu t  i n t o  equa t ions  (1.4-2) and (1.4-3), 










be s a t i s f i e d .  
on s. 
The va lue  o f  1 i n  equat ion  (1.4-4) w i l l  c l e a r l y  depend 
The problem now i s  t o  f ind  a v e c t o r  s;? c S such t h a t  
1.4-6) I(&) L I(s) s e s  . 
I f  t h e r e  exists such an s;k, then des igna te  I ( s 5 k )  by Jn. 
c l e a r l y  depend on t h e  problem parameters,  so  t h e  minimum c h a r a c t e r i s t i c  
v e l o c i t y  f o r  t h i s  problem may be des igna ted  J (p). The problem w i l l  
be c a l l e d  Problem B . 
This  w i l l  
n 
n 
This  i s  a n  o rd ina ry  minimization problem: f i n d  t h e  v e c t o r  s 
which minimizes I(s) s u b j e c t  t o  s e S .  It i s ,  however, n o t  an elementary 
problem because of  t h e  method of  d e f i n i t i o n  of S .  It  i s  unambiguous, 
b u t  S cannot ,  i n  gene ra l ,  be  def ined i n  terms of  a l g e b r a i c  e q u a l i t i e s  
o r  i n e q u a l i t i e s .  
There are some problems, however, f o r  Ehich t h e  d e f i n i t i o n  
of S can be  so  reduced, and these  w i l l  be d i scussed  i n  t h e  nex t  s e c t i o n .  
A l m o s t  a l l  of  t h e s e  invo lve  a s i n g l e  a t t r a c t i n g  c e n t e r ,  s o  t h a t  t h e  
t r a j e c t o r y  segments between impulses a r e  Kepler ian.  
It would be i n t e r e s t i n g  t o  be a b l e  t o  compare t h e  r e s u l t s  of  
problem B wi th  those  of problem A .  However, r i g o r o u s l y  c e r t i f i a b l e  
s o l u t i o n s  t o  problem A are a v a i l a b l e  only  I n  a smal l  number o f  ve ry  
s i m p l e  problems. It w i l l  be  necessary,  then ,  t o  conduct comparisons 
between Jn(B), n >  2 w i th  J2(B), o r  wi th  J ( e )  i n  those  cases where 
one-impulse maneuvers a r e  f e a s i b l e .  The comparison should be  made f o r  
each va lue  o f  8 ,  and where poss ib l e ,  t h i s  w i l l  be done. However, complete 





2.0. A SINGLE ATTPWTING CENTER (TWO-BODY PROBLEM) 
P r a c t i c a l l y  a l l  s t u d i e s  of  minimum-fuel maneuvers have 
involved a Kepler ian  f o r c e  f i e l d :  
f i xed  a t t r a c t i n g  c e n t e r .  This  i s  an  i d e a l i z a t i o n  which i s  u s e f u l ,  
w i t h i n  l i m i t s ,  f o r  s tudying  i n t e r p l a n e t a r y  f l i g h t  when t h e  v e h i c l e  i s  
n o t  apprec i ab ly  in f luenced  by p l ane ta ry  g r a v i t a t i o n ,  and i n  s tudying  
maneuvers i n  t h e  n e a r  v i c i n i t y  of a p l a n e t .  
a pure  inve r se - squa re  f i e l d  about  a 
While t h i s  i d e a l i z a t i o n  i s  of l i m i t e d  accuracy i n  some con tex t s ,  
i t  i s  simply desc r ibed  and a number of  r e l a t i v e l y  gene ra l  r e s u l t s  have 
been ob ta ined ,  These r e s u l t s ,  c l a s s i f i e d  accord ing  t o  t h e  types  of 
o r b i t  t h e  v e h i c l e  is  i n  be fo re  and a f t e r  t h e  inaneuver,are reviewed i n  
t h e  fo l lowing  s e c t i o n s .  
2.1. Coplanar Time-Free T r a n s f e r s  
Within t h e  class of impulsive maneuver problems i n  a Kepler ian  
f o r c e  f i e l d ,  coplanar  t ime- f r ee  t r a n s f e r s  have rece ived  t h e  g r e a t e s t  
s h a r e  o f  a t t e n t i o n ,  and r e s u l t s  fo r  t h i s  problem a r e  n e a r l y  complete.  
Th i s  i s  t h e  only type  o f  problem wi th in  t h e  scope of t h i s  s tudy  f o r  
which such a s ta tement  can be made. 
The v e h i c l e  i s  assumed t o  be i n i t i a l l y  i n  an  o r b i t  which i s  
a t  l eas t  p a r t i a l l y  s p e c i f i e d .  
( a t l e a s t  p a r t i a l l y  s p e c i f i e d )  using minimum f u e l .  The i n i t i a l  and f i n a l  
o r b i t  and a l l  p o r t i o n s  of the  t r a n s f e r  o r b i t  are r equ i r ed  t o  l i e  i n  a 
s i n g l e  f ixed  p lane  con ta in ing  the a t t r a c t i n g  c e n t e r .  The t i m e  r equ i r ed  
f o r  t h e  t r a n s f e r  i s  l e f t  completely f r e e .  
The problem i s  t o  t r a n s f e r  t o  ano the r  o r b i t  
e 
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This l a s t  assumption, t h a t  of f r e e  t i m e ,  immensely s i m p l i f i e s  
t h e  a n a l y s i s ,  bu t  a t  t h e  same time, i t  l e a d s  t o  d i f f i c u l t i e s .  There are 
a number of cases i n  which t h e  minimum-fuel maneuvers have t r a n s f e r  t i m e s  
which are e i t h e r  very  l a r g e ,  o r  a c t u a l l y  i n f i n i t e .  I n  those  cases f o r  which 
t h i s  s i t u a t i o n  i s  known t o  ex is t ,  it w i l l  be po in t ed  out .  I n f i n i t e - t i m e  
t r a j e c t o r i e s  are of l i t t l e  p r a c t i c a l  use,  and their  e x i s t e n c e  i l l u s t r a t e s  
t h e  danger  of fol lowing a s i n g l e  opt imiza t ion  c r i t e r i o n  too  f a r .  Even i n  
t h o s e  cases where t h e  minimum-fuel maneuver t akes  an i n f i n i t e  t i m e ,  the 
r e s u l t  i s  use fu l ,  however, as a lower bound on t h e  f u e l  r equ i r ed  i n  a 
p r a c t i c a l  t r a j e c t o r y  a 
2.1.1. C i r c u l a r  O r b i t s  (Hohmann Transfer)  
I f  i t  i s  d e s i r e d  t o  t r a n s f e r  from one c i r c u l a r  o r b i t  t o  another  
o f  d i f f e r e n t  r a d i u s  b u t  r o t a t i n g  i n  t h e  same d i r e c t i o n  us ing  minimum f u e l ,  
t hen  t h e  optimum maneuver ( t i ne - f r ee )  i s  now completely known. 
This  problem w a s  f i r s t  considered by Hohmann (56) who suggested 
t h a t  the optimum t r a n s f e r  w a s  by means of  two impulses ,  one a p p l i e d  i n  a 
t a n g e n t i a l  d i r e c t i o n  on t h e  i n i t i a l  o r b i t ,  and t h e  o t h e r  i n  a t a n g e n t i a l  
d i r e c t i o n  on t h e  f i n a l  o r b i t .  The t r a n s f e r  o r b i t  i s  an e l l i p s e  which i s  
t angen t  t o  both  o r b i t s .  This type  of  maneuver i s  i n d i c a t e d  i n  F igu re  2.1.1-1. 
T2 
(a) Trans fe r  from Cuter I n i t i a l  (b) T rans fe r  from Inner  I n i t i a l  
O r b i t  I t o  Inne r  Orbi t  ‘I: O r b i t  I t o  Outer Orb i t  F 
FIGURE: 2. I. 1-1. HOWAI’TN TMNSFERS 
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This  problem has been considered by a n tmber of in1 2s t i g a t o r s  
s i n c e  Hohmann, 2nd many r e s u l t s  can b e  r i g o r o u s l y  demonstrated.  The 
fol lowing s t a t emen t s  can be made: 
The opt imal  t h r u s t  program i s  impulsive.  This  
has  been shown by  Marchal (93) ,  Contensou (23), 
Winn (152), Busemann and Culp (19), and o t h e r s ,  
i n  some cases, f o r  t h e  more g e n e r a l  problem o f  
t r a n s f e r  between e l l i p t i c a l  o r b i t s  as w e l l .  
More than  t h r e e  impulses are n o t  necessa ry  t o  
rea l ize  minimum fuel ,  This was shown by 
Ting (137) and, i n  a more g e n e r a l  form;by 
Marchal (93). It i s  a l s o  c o n s i s t e n t  w i t h  
Neus tad t ' s  resu l t s  on neighboring o r b i t s  (109). 
It i s  p o s s i b l e  t o  r e a l i z e  t h i s  t r a n s f e r  using any number o f  impulses,  
and , in  f a c t ,  i t  i s  p o s s i b l e  t o  find n-lmpulse t r a n s f e r s  which u s e  t h e  
same amount of f u e l  as t h e  two- or three- impulse maneuvers, b u t  i t  i s  
n o t  p o s s i b l e  t o  reduce t h e  f u e l  requirement by us ing  a number l a r g e r  
t h a n  t h r e e .  Since t h e  t r a n s f e r  cannot p h y s i c a l l y  b e  accomplished w i t h  
one impulse,  except  i n  t h e  t r i v i a l  case where t h e  two o r b i t s  are coin-  
c i d e n t ,  t h e  cho ice  i s  between two impulses and t h r e e .  
(c) Two-impulse Iiohmann t r a n s f e r s  e r e  optimum if t h e  
r a t i o  of  t h e  two o r b i t  r a d i i  i s  less t h a n  11.94. 
Otherwise a three-impulse t r a n s f e r  v i a  i n f i n i t y  
is aptimum. It vas shown by Bar ra r  (7) t h a t  t h e  
Hohmann t r a n s f e r  i s  always t h e  a b s o l u t e  optimum 
among two-impulse t r a n s f e r s .  However, i f  t h e  
r a t i o  between o r b i t  r a d i i  i s  s u f f i c i e n t l y  l a r g e ,  
t hen  t h e r e  e x i s t s  a three- impulse t r a n s f e r  which 
uses  less f u e l  than t h e  Hohmann t r a n s f e r  (32) .  
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The c h a r a c t e r i s t i c  velocitYAV2 r e q u i r e d  t o  t r a n s f e r  from an 
i n n e r  o r b i t  of r a d i u s  r 
and c i r c u l a r  ve loc iky  V 
two-impulse t r a n s f e r  i s  [see, e.g., Ruppe ( l 2 9 ) ] :  
(measured from t h e  c e n t e r  of t h e  a t t r a c t i n g  body) 
t o  an o u t e r  o r b i t  w i th  r a d i u s  r by means o f  a 
1 
1 2 
2.1.1-1) AV2 = V1 
The optimum three-impulse maneuver c o n s i s t s  of :  (a) a t a n g e n t i a l  
impulse T on t h e  i n n e r  o r b i t  which raises t h e  v e l o c i t y  t o  t h e  p a r a b o l i c  
escape speed; (b) an  i n f i n i t e s m a l  impulse T a t  i n f i n i t y  which t r a n s f e r s  
t h e  v e h i c l e  t o  a d i f f e r e n t  parabola:  
1 
2 
one which h a s  a p e r i c e n t e r  on t h e  second 
o r b i t ;  (c) a t a n g e n t i a l  impulse T 
which reduces t h e  v e l o c i t y  t o  t h e  l o c a l  c i r c u l a r  v e l o c i t y .  
s c h e m a t i c a l l y  i n  Figure 2.1.1-2. 
a t  t h e  p e r i c e n t e r  of t h i s  new pa rabo la  3 
T h l s  i s  i n d i c a t e d  
FIGURE 2.1.1-2.  OPTIblLJM CIRCLE-TO-CIRCLE TMNSFER USING T H U E  IMPULSES 
The c h a r a c t e r i s t i c  v e l o c i t y  r equ i r ed  f o r  t h i s  maneuver i s  
2.1.1-2) 
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The v e l o c i t y  requirements of t h e  two maneuvers a re  compared i n  
Figure 2.1.1-3. 
Note t h a t  t h e  v e l o c i t y  requirement f o r  t h e  two- impdse  t r a n s f e r  
( t h e  s o l i d  curve) reaches a.maximum a t  about r / r  = 17.  For l a r g e r  r a t i o s ,  
t h e  two-impulse t r a n s f e r  a c t u a l l y  r e q u i r e s  less f u e l  than i t  does f o r  
2 1  
= 17.  This means i t  would be easier t o  e scape  t h e  c e n t r a l  a t t r a c t i n g  r 2 / r 1  
body than  t o . t r a n s f e r  t o  an o r b i t  17 times f a r t h e r  ou t  t han  t h e  i n i t i a l  
o r b i t .  
The three- impulse t r a n s f e r  (dashed curve) becomes b e t t e r  than 
reaches 11.94, and i t  remains b e t t e r  f o r  a l l  t h e  two-impulse when r / r  
l a r g e r  r a t i o s .  
two-impuise i s ,  however, never very l a r g e .  
v a l u e  of r2/r ,s  
would t a k e  an i n f i n i t e  amount of t i m e ,  i t  may n o t  be u s e f u l  on a p r a c t i c a l  
b a s i s .  However, modest g a i n s  a r e  p o s s i b l e  by applying t h e  second impulse a t  
a l a r g e  ou t  f i n i t e  d i s t a n c e .  For example, i f  T 2  i s  a p p l i e d  a t  a d i s t a n c e  o f  
on ly  2r2,  4% sav ings  are p o s s i b l e .  
2 1  
The advantage o f  the three- impulse maneuver over t h e  
It does not exceed 8% f o r  any 
Since t h e  t h e o r e t i c a l l y  optimum three- impulse t r a n s f e r  - 
I n  any even t ,  t h i s  i s  one o f  t h e  very s m a l l  number of  fue l -op t ima l  
maneuver problems which i s  completely solved. The form o f  t h e  s o l u t i o n  i s  
known, and t h e  minimum c h a r a c t e r i s t i c  v e l o c i t y  i s  a v a i l a b l e  i n  c losed  form 
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Th i s  i s ,  of cour se ,  a p a r t i c u l a r l y  simple prcblem, depending as i t  does on 
on ly  two parameters r and r 
has  an e f f e c t  on V ). 
( i n  a d d i t i o n  t o  t h e  g r a v i t a t i o n a l  c o n s t a n t  which 1 2 
1 
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A l l  of t h e  above r e s u l t s  have been based on t h e  assumption t h a t  
t h e  two o r b i t s  a r e  moving i n  t h e  same sense  around t h e  a t t r a c t i n g  c e n t e r .  
For t h e  sake  of l o g i c a l  completeness, i t  i s  of i n t e r e s t  t o  i n q u i r e  about 
t h e  case of t r a n s f e r r i n g  from one c i r c u l a r  o r b i t  t o  ano the r  r o t a t i n g  i n  t h e  
o p p o s i t e  d i r e c t i o n .  This  problem has appa ren t ly  n o t  been cons ide red ,  perhaps 
because of i t s  minimal p r a c t i c a l  interest .  It seems c e r t a i n  t h a t  t h e  f u e l -  
opt imal  t r a n s f e r  would invo lve  t r a n s f e r r i n g  t o  a p a r a b o l i c  o r b i t ,  r e v e r s i n g  
t h e  d i r e c t i o n  a t  i n f i n i t y  wi th  a new p a r a b o l i c  r e t u r n .  
2.1.2. E l l i p t i c  O r b i t s  
The next  more complex problem i s  t h a t  of t r a n s f e r  between two 
a r b i t r a r y  e l l i p t i c  o r b i t s .  
depend on f i v e  parameters.  For example, t h e s e  parameters  might b e  taken 
as t h e  two o r b i t  e c c e n t r i c i t i e s ,  the two o r b i t  semimajor axes ,  and t h e  a n g l e  
between t h e  two l i n e s  of a p s i d e s  (see F igu re  2.1.2-1 f o r  a n  i l l u s t r a t i o n  of 
t h i s  ang le ) .  I f  both t h e  o r b i t s  a r e  c i r c u l a r ,  t h i s  problem degene ra t e s  t o  
t h a t  o f  t h e  preceding s e c t i o n .  I f  one i s  c i r c u l a r ,  the a p s i d a l  o r i e n t a t i o n  
of t h e  o t h e r  becomes immater ia l ,  and t h e  problem then  depends on only t h r e e  
parameters :  t h e  r a d i u s  of t he  c i r c u l a r  o r b i t ,  t h e  semimajor a x i s  and 
e c c e n t r i c i t y  of t h e  e l l i p t i c a l  o r b i t .  
I n  gene ra l ,  t h e  s o l u t i o n  t o  t h i s  problem w i l l  
Before reviewing t h e  r e s u l t s  f o r  some o f  t h e  special  c a s e s ,  i t  
i s  u s e f u l  t o  cons ide r  t h e  g e n e r a l  r e su l t s  which are a v a i l a b l e ,  some of 
them r a t h e r  r e c e n t :  
(a) The optimal t h r u s t  program i s  impulsive.  
This  was shown by Marchal i n  a remarkable paper (93) 
which g i v e s  t h e  most thorough t r ea tmen t  o f  t h i s  
problem now a v a i l a b l e .  Winn (152) shows t h e  
r e s u l t  i n  t h e  c a s e  where one of t h e  o r b i t s  i s  














More than t h r e e  i m p u l s e s  are not  necessa ry  t o  
r e a l i z e  minirnun fue l .  Ting (137) and Mirchal  (93) 
have bo th  a r r i v e d  a t  t h i s  r e s u l t  by d i f f e r e n t  methods. 
Even i f  motion o u t  of t h e  common o r b i t  p l a n e  i s  
allowed, t h e  optimal t r a n s f e r  o r b i t  w i l l  l i e  e n t i r e l y  
in t h e  plane.  
au tho r s  i n  a number of d i f f e r e n t  ways, b u t  t h e  demon- 
This has  been argued by a number o f  
s t r a t i o n  o f  Buseman and Culp (19) i s  perhaps t h e  
most s imple and e l egan t ,  
Beyond t h i s ,  n o t  much can b e  s a i d  about t h e  g e n e r a l  case. I f  
t h e  two o r b i t s  i n t e r s e c t :  t hen  one-impulse t r a n s f e r s  are f e a s i b l e .  Therefore ,  
one-, two-, and three- impulse t r a n s f e r s  must a l l  b e  considered.  
One-impulse t r a n s f e r s  can b e  disposed of w i t h  r e l a t i v e  ease. 
They have been s t u d i e d  by bo th  Marchal (93) and Moyer (104).  The number 
o f  c o n d i t i o n s  which must b e  m e t  i s  such t h a t  one-impulse t r a n s f e r s  w i l l  
seldom be optimal,  
The cho ice  between two- and three- impulse t r a n s f e r s  i s  more 
involved. Marchal (93) f i n d s  two p o s s i b l e  types of three- impulse t r a n s f e r s .  
One i s  of t h e  s a m e  t ype  considered i n  the preceding s e c t i o n :  (a) an  a c c e l e r -  
a t i v e  impulse t r a n s f e r r i n g  t h e  v e h i c l e  t o  a p a r a b o l i c  t r a j e c t o r y ;  (b) one o r  
more i n f i n i t e s m a l  impulses a t  i n f i n i t y ,  t r a n s f e r r i n g  t o  a parabola  which i s  
t angen t  t o  t h e  f i n a l  o r b i t ;  (c) a braking impulse a t  t h e  i n t e r s e c t i o n  of t h e  
second parabola  and t h e  f i n a l  e l l i p s e .  
The second type  o f  three-impulse t r a n s f e r  i s  one i n  which a l l  t h r e e  
impulses are f i n i t e  and a p p l i e d  a t  f i n i t e  d i s t a n c e s .  The f i r s t  impulse t r a n s f e r s  
t h e  v e h i c l e  t o  an e l l i p t i c a l  o r b i t  of l a r g e ,  b u t  f i n i t e  apocenter .  The second 
impulse t r a n s f e r s  from t h i s  e l l i p s e  t o  another  which i n t e r s e c t s  t h e  f i n a l  
o r b i t .  
e l l i p s e  and t h e  f i n a l  o r b i t .  
The t h i r d  impulse i s  a t  the i n t e r s e c t i o n  of t h e  second t r a n s f e r  
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Marchal (93) g ives  necessary cond i t ions  f o r  t h e  o p t i m a l i t y  o f  
t h e s e  f i n i t e  three- impulse t r a n s f e r s ,  and t h e s e  cond i t ions  are somewhat 
r e s t r i c t i v e .  They are: (a) t h e  sum o f  the e c c e n t r i c i t i e s  o f  t h e  i n i t i a l  
and f i n a l  o r b i t s  must exceed 1.712; (b) t h e  a n g l e  between t h e  l i n e s  of  
aps ides  of  t h e  i n i t i a l  and f i n a l  o r b i t s  must n o t  exceed 22'; (c) 
1 2 - 9 - p1< 25 25 P2 9 where P and P a r e  the p e r i c e n t e r  r a d i i  of t h e  i n i t i a l  
and f i n a l  o r b i t s ,  r e s p e c t i v e l y .  Because of t h e  e c c e n t r i c i t y  requirement ,  
i t  appears  t h a t  these t r a n s f e r s  w i l l  be  somewhat unusual.  
I n  most ca ses ,  t h e  choice w i l l  be  between two-impulse t . r ans fe r s  
( w i t h  a s i n g l e  i n t e r m e d i a t e  t r a n s f e r  e l l i p se )  and three- impulse  t r a n s f e r s  
v ia  i n f i n i t y  (with two in t e rmed ia t e  t r a n s f e r  parabolas ) .  I f  the i n i t i a l  
and f i n a l  o r b i t s  are n o t  t o o  d i s s i m i l a r  t h e  optimum w i l l  be  two-impulse. 
I f  the  two are g r e a t l y  d i s s i m i l a r ,  t hen  t h e  optimum w i l l  b e  three- impulse  
t r a n s f e r  v i a  i n f i n i t y .  
To g i v e  a p r e c i s e  s ta tement  of t h e  c o n d i t i o n s  under which t h e  
v a r i o u s  types of maneuver a r e  optimal i s  a matter o f  some complexity.  
Marchal (93) has  no t  succeeded i n  doing t h i s  completely,  b u t  h e  has  made 
a s i g n i f i c a n t  c o n t r i b u t i o n .  
t h i s  quest ion.  For a complete review o f  then ,  t h e  r eade r  should c o n s u l t  
t h e  o r i g i n a l  paper.  However, t o  give some i d e a  of  t h e  type  o f  conclus ion  
he  p r e s e n t s ,  one of t h e  more i n t e r e s t i n g  of h i s  f i g u r e s  i s  reproduced 
h e r e  as Figure  2.1.2-1. This  a p p l i e s  on ly  t o  t h e  case where t h e  i n i t i a l  
and f i n a l  o r b i t s  do no t  i n t e r s e c t .  I n  t h e  case of  i n t e r s e c t i n g  o r b i t s ,  
h e  has  a d i f f e r e n t  d i s c u s s i o n  and method of p re sen t ing  t h e  da t a .  
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I n  F igu re  2.1.2-1, P and P2 are t h e  p e r i c e n t e r  d i s t a n c e s  o f  1 
t h e  i n i t i a l  and f i n a l  o r b i t s  and e 
o r b i t .  
i s  t h e  e c c e n t r i c i t y  of t h e  f i n a l  
2 
These are on ly  t h r e e  of the f i v e  parameters d e f i n i n g  t h e  e n t i r e  
problem, so i t  i s  n o t  s u r p r i s i n g  t h a t  t h i s  p l o t  does n o t  pe rmi t  complete 
de t e rmina t ion  o f  t h e  opt imal  mode. However, f o r  a l l  t r a i s f e r  problems 
having P , P and e which p l o t  i n t o  a p o i n t  l y i n g  above cu rve  C and 
t o  t h e  l e f t  of curve C 
Above C1 and t o  t h e  r i g h t  o f  C 
o r  f i n i t e  three-impulse,  depending on o t h e r  parameters  of t h e  problem. 
1 2’ 2’ 1 
t h e  optimal t r a n s f e r  w i l l  b e  two-impulse, 
3’ 
3’ 
t he  opt imal  t r a n s f e r  could b e  two-impulse 
S i m i l a r l y ,  p o i n t s  l y i n g  below C w i l l  d e f i n i t e l y  have three- impulse 
op t ima l  t r a n s f e r s  v i a  i n f i n i t y .  The o t h e r  r e g i o n s  of t h e  p l o t  have 
2 
corresponding i n t e r p r e t a t i o n s .  T h i s  i l l u s t r a t e s  t h e  f a c t  t h a t  s e l e c t i o n  
of t h e  minimum-fuel maneuver i n  t h i s  problem i s  r a t h e r  involved. 
2.1.2.1, Contensou’s Method. The g e n e r a l  approach used by 
Marchal and several o t h e r  r e c e n t  i n v e s t i g a t o r s  should be mentioned he re ,  
because i t  has  l e d  t o  t h e  p r e s e n t  s a t i s f a c t o r y  s t a t e  o f  t h i s  problem. It 
appea r s  t o  have been o r i g i n a t e d  by Contensou (23), though a number of o t h e r s  
have made e f f e c t i v e  use  of i t  (19, 152, 52, 24, 103, and 14). 
The g e n e r a l  v a r i a t i o n a l  problem s t a t e d  i n  Sec t ion  1.2 i s  d i f f i c u l t  
t o  hand le  t h e o r e t i c a l l y .  Contensou’s approach changes t h i s  v a r i a t i o n a l  
problem i n t o  one i n  which no i m p u l s e s  appear. The r e s u l t i n g  problem can 
then  b e  examined using t h e  ex tens ive  theory of t h e  c a l c u l u s  of v a r i a t i o n s  
o r  op t ima l  c o n t r o l .  
The s e v e r a l  a u t h o r ‘ s  t reatments  d i f f e r  i n  v a r i o u s  ways. The 
method p resen ted  h e r e  i s  intended f o r  i l l u s t r e t i v e  purposes only.  Consider 
t h e  p l a n a r  case, where i t  i s  d e s i r e d  t o  t r a n s f e r  from some i n i t i a l  o r b i t  
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w i t h  semimajor a x i s  a and e c c e n t r i c i t y  e 
a x i s  a 
being w 0  The l i n e  of aps ides  i s  assumed t o  p o i n t  i n  t h e  d i r e c t i o n  of  t h e  
p e r i c e n t e r .  
t o  a f i n a l  o r b i t  w i th  semimajor 1 1 
and e c c e n t r i c i t y  e 2, .2 , w i t h  the a n g l e  between t h e  l i n e s  of  a p s i d e s  
If a v e h i c l e  i s  moving under the i n f l u e n c e  o f  a Kepler ian  f o r c e  
f i e l d  and i t s  own t h r u s t ,  i t s  motion a t  any t i m e  may b e  desc r ibed  i n  terms 
o f  an " instantaneous" o r  "osculat ing" e l l i p s e  w i t h  semimajor a x i s  a, eccen- 
t r i c i t y  e and l i n e  o f  aps ides  d i r e c t i o n  w. If no t h r u s t  were app l i ed ,  t hen  
a, e, and w would remain cons t an t .  If t h r u s t  i s  a c t i n g ,  t hen  a, e, and w 
change with. t i m e  j.n acco rdmce  with t h e  c lzsci-cal  Lagrange pl.ane.tary 
equa t ions  (see, e.g., 40, p. 451). 
-1 -- I 2.1.2.1-2) de t  -*;  A [ u  s i n  f + w(2 cos f + e cos2 f + e) (1 + e cos f )  
where 
u = r a d i a l  component of t h r u s t  a c c e l e r a t i o n  ( p o s i t i v e  outward) 
W = azimuthal  conponent o f  t h r u s t  a c c e l e r a t i o n  ( p o s i t i v e  forward) 
f = t r u e  anomaly 
p, = g r a v i t a t i o n a l  constant  (product  of  u n i v e r s a l  g r a v i t a t i o n a l  
c o c s t a n t  and t h e  mass of t h e  
c e n t r a l  body). 
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To make a complete set  of equa t ions ,  i t  would b e  necessa ry  t o  
s p e c i f y  f as a f u n c t i o n  of t ,  and t h i s  would r e q u i r e  t h e  a d d i t i o n  o f  
ano the r  equat ion f o r  an o r b i t a l  element, e.g., t h e  t i m e  o f  p e r i c e n t e r  
passage. Since t i m e  i s  immaterial  i n  t h i s  problem, however, i t  w i l l  n o t  
be necessa ry  t o  do t h i s .  
From equa t ion  (1.2-5), the ra te  o f  change of t h e  c h a r a c t e r i s t i c  
v e l o c i t y  i s  
E = a + w2 . 
d t  2.1.2.1-4) 
Now ccxes t h e  e s c t r r t i a l  Tart of t h ~  process .  S ince  V i s  a 
non-decreasing f u n c t i o n  of t ,  and s i n c e  t i s  of  no concern,  i t  i s  p o s s i b l e  
t o  make a change of independent v a r i a b l e  from t t o  V. The p l a n e t a r y  equa t ions  
then  become 
2.1.2.1-6) de V - v q T  [sin  0 s i n  f + cos e (2 cos  f + e cos2 f + e l  (1 + e cos f )  
2.1.2.1-7) - =  
dV 
P e  
where 8 i s  t h e  a n g l e  between the t h r u s t  d i r e c t i o n  and t h e  l o c a t i o n  h o r i z o n t a l  
( p o s i t i v e  when t h r u s t  i s  above the l o c a l  h o r i z o n t a l ) .  C l e a r l y  
W 
; cos 8 = U 2.1.2,1-8) s i n  0 = 
p-Y-7 $2 + w2 
This i s  now an opt imal  c o n t r o l  problem of a commo~l type. Find 
t h e . c o n t r o l s  8(V) and f(V) which take t h e  system from a = a e = e and 1, 1, 
iu = w 2  i n  minimuin V. 
e2 
























I n  t h i s  ve r s ion ,  t h e r e  a re  no impulses appearing.  Impuls ive  
t h r u s t  i n  t h e  o r i g i n a l  problem w i l l  appea r  as a f i n i t e  i n t e r v a l  of V 
over  which f has  a cons t an t ’va lue .  
f i n i t e  s l o p e  i n  t h e  f u n c t i o n  f(V). 
Continuous t h r u s t  w i l l  appear as a 
So, d e s p i t e  t h e  fact  t h a t  e i t h e r  
impuls ive  o r  cont inuous t h r u s t  can b e  r ep resen ted ,  t h i s  t ransformed 
problem does no t  i t s e l f  c o n t a i n  impulses,  and s t anda rd  theory  can b e  
app l i ed .  
To make t h i s  t ransformat ion ,  i t  i s  a b s o l u t e l y  e s s e n t i a l  t h a t  
t h e  t i m e  o f  the t r a n s f e r  b e  free. 
When approaching t h e  problem i n  t h i s  way, i t  i s  no t  necessary  
t o  s p e c i f y  i n  advance whether the t h r u s t  w i l l  b e  impuls ive ,  and i f  so, 
how many impulses t h e r e  w i l l  be. 
a l l  earlier work on o r b i t  t r a n s f e r  problems. The r e s u l t s  now rest  on 
a much b e t t e r  foundation. 
Such assumptions were necessary  i n  
P r i o r  t o  t h e  development o f  t h i s  approach, work on the g e n e r a l  
problem w a s  e i t h e r  an a p p l i c a t i o n  of numerical  min imiza t ion  w i t h  a s p e c i f i e d  
number of impulses (68), a n a l y s i s  of some reasonzb le  p o s t u l a t e d  maneuver ( l o ) ,  
o r  de t e rmina t ion  of some p r o p e r t i e s  of  t h e  s o l u t i o n  (144) .  
2.1,2.2. Spec ia l  Cases. P r i o r  t o  t h e  development of  t h e  g e n e r a l  
t heo ry  descr ibed  i n  t h e  preceding sec t ion ,  many s t u d i e s  were done under 
v a r i o u s  r e s t r i c t i v e  hypotheses.  In  most of  t hese ,  t h e  assumption o f  
impuls ive  t h r u s t i n g  17as made a t  the o u t s e t ,  and, i n  most,  t h e  number of  
impulses was f i x e d  a p r i o r i  as well. Furthermore,  i n  some s t u d i e s ,  t h e  
p o i n t s  of  a p p l i c a t i o n  of  t h e  impulses w a s  g iven  a l s o .  
Despi te  t hese  l i m i t a t i o n s ,  t h e  work i s  s t i l l  of  i n t e r e s t .  I n  
many cases  i t  can now be s t a t e d  t h a t  t h e  r e s u l t s  are t r u l y  optimum under 
c e r t a i n  condi t ions .  A l s o ,  some of t h e  s t u d i e s  a r e  more s p e c i f i c  and 
thorough, v i t h i n  t h e i r  l i m i t s ,  tllian the  gene ra l  r e s u l h s  c i t e d  above. 
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2.1.2.2.1. One o r b i t  i s  c i r c u l a r .  As mentioned above, s i n c e  
t i m e  i s  f r e e ,  i f  one o r b i t  i s  c i r c u l a r ,  t h e  o r i e n t a t i o n  of t h e  e l l i p t i c  
o r b i t  i s  n o t  material. Then t h r e e  parameters s u f f i c e  t o  s p e c i f y  t h e  
problem: t h e  r a d i u s  of t h e  c i r c u l a r  o r b i t ,  and t h e  semimajor a x i s  and 
e c c e n t r i c i t y  of t h e  e l l i p t i c  o r b i t .  %is can b e  reduced t o  two parameters  
by, f o r  example, normalizing t h e  problem so  t h a t  t h e  r a d i u s  o r  t h e  angu la r  
momentum of t h e  c i r c u l a r  o r b i t  i s  un i ty .  Then t h e  op t ima l  maneuver can b e  
d i s p l a y e d  i n  a p l a n e  as a func t ion  of only two v a r i a b l e s .  
This  s p e c i a l  case i s  t r e a t e d ,  using t h e  Contensou method, by 
Winn (152) and Moyer (103). Moyer g i v e s  a complete s o l u t i o n  t o  t h e  
problem based, i n  p a r t ,  on numerical i n t e g r a t i o n  of t h e  s t a t e  and m u l t i p l i e r  
equat ions.  He f i n d s  on ly  two types o f  minima: two-impulse t r a n s f e r s  and 
t r a n s f e r s  via  i n f i n i t y .  
This  i s  c o n s i s t e n t  w i th  Marchal 's  r e s u l t  t h a t  t h e  f i n i t e  three- impulse 
t r a n s f e r  cannot occur u n l e s s  t h e  sum of t h e  e c c e n t r i c i t i e s  o f  t h e  i n i t i a l  
and f i n a l  o r b i t s  i s  g r e a t e r  t han  1.71.2. I f  one of t h e  o r b i t s  i s  c i r c u l a r ,  
i t  i s  n o t  p o s s i b l e  f o r  t h i s  cond i t ion  t o  b e  m e t ,  so  t h e  f i n i t e  three- impulse 
optimum i s  n o t  t o  b e  expected. 
The f i n i t e  three- impulse t r a n s f e r  does n o t  appear.  
Moyer p l o t s  h i s  r e s u l t s  i n  terms of h ,  t h e  angu la r  momentum of 
t h e  e l l i p t i c  o r b i t  (angular  momentum of t h e  c i r c u l a r  o r b i t  i s  made equal  
t o  u n i t y )  and e, t h e  e c c e n t r i c i t y  of t h e  e l l i p t i c  o r b i t ,  There i s  one 
r e g i o n  i n  t h i s  h-e p l ane  where the optimum t r a n s f e r  i s  by two impulses ,  
w i t h  a l l  t h r u s t i n g  done a t  t h e  apsides  o f  t h e  t r a n s f e r  e l l i p s e .  
t r a n s f e r  e l l i p s e  i s  t angen t  t o  both t h e  i n i t i a l  and f i n a l  o r b i t s .  This  
i s  sometimes c a l l e d  a Hohmann t r a n s f e r  o r  "Hohniann-type" t r a n s f e r ,  though 
Hohmann himself  only considered the case of two c i r c u l a r  o r b i t s .  
The 
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The remainder of Moyer's h-e p l a n e  corresponds t o  t r a n s f e r s  
The two pa rabo las  a r e  t angen t  t o  t h e  i n i t i a l  and f i n a l  v i a  i n f i n i t y .  
o r b i t s  and t h e  f i n i t e  impulses a r e  both a p p l i e d  i n  t h e  p l a n e  of a c t i o n .  
Moyer a l s o  shows t h a t  t he re  are cases i n  which t h e  two-impulse 
Hohmann-type t r a n s f e r  i s  no t  even a l o c a l  minimum. This  i s  important  i n  
e v a l u a t i n g  ear l ier  work which assumed t h a t  i n  a l l  cases on ly  two impulses 
would b e  used. 
Winn (152) a l s o  uses  Contensou's method of fo rmula t ing  t h e  
equa t ions ,  b u t  h i s  argument i s  a l l  a n a l y t i c a l  and proceeds somewhat 
d i f f e r e n t l y .  He does n o t  completely s o l v e  t h e  problem, though i t  appears  
t h a t  the complete s o l u t i o n  could be argued from t h e  mater ia l  he p re sen t s .  
The papers  by Rider  (122) and Munick (105) a r e  i l l u s t r a t i v e  o f  
earl ier work. Rider  assumed t h a t  t r a n s f e r  w i l l  b e  a long an e l l i p s e  which 
i s  t a n g e n t  t o  both t h e  i n i t i a l  and f i n a l  o r b i t s ,  and t h a t  two impulses 
w i l l  b e  used. The only t h i n g  t o  be optimized i s  t h e  p o i n t  on t h e  e l l i p -  
t i c a l  f i n a l  o r b i t  a t  which t h e  tangency occurs.  
Munick (105) uses  t h e  assumption, now known t o  be u n t r u e  i n  
some cases, t h a t  t h e  Hohmann t r a n s f e r  i s  t h e  optimum c i r c l e - t o - c i r c l e  
t r a n s f e r  t o  show t h a t  t h e  Hohmann-type t r a n s f e r  i s  optimum f o r  c i rc le-  
t o - e l l i p s e  t r a n s f e r s ,  
Silbei.  (132) p r e s e n t s  ex tens ive  n m i e r i c a l  r e s u l t s  f o r  t h e  
problem of t r a n s f e r r i n g  from an inner  c i r c u l a r  o r b i t  t o  an  o u t e r  e l l i p t i c a l  
o r b i t ,  u s ing  two impulses. 
t o  b e  t a n g e n t i a l .  
Departure from t h e  c i r c u l a r  o r b i t  i s  assumed 
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2.1.2.2.2. The t r a n s f e r  e l l i p s e  i s  t angen t  t o  bo th  t h e  i n i t i a l  
I f  i t  i s  assumed t h a t  t h e  t r a n s f e r  w i l l  b e  by means of and f i n a l  o r b i t s .  
two impulses wi th  an  e l l i p t i c  i n t e rmed ia t e  o r b i t  which i s  t angen t  t o  bo th  
i n i t i a l  and f i n a l  o r b i t s ,  t hen  i t  i s  p o s s i b l e  t o  look f o r  t h e  minimum-fuel 
t r a n s f e r  s u b j e c t  t o  t h e s e  r e s t r i c t i o n s .  
While t h e r e  are c a s e s  where t h i s  t ype  of t r a n s f e r  i s  t h e  t r u e  
optimum ( e , g o ,  t h e  Hohmann maneuver), i t  i s  n o t ,  i n  g e n e r a l ,  t h e  t r u e  
optimum (144). There are cases, however, i n  which i t  i s  p o s s i b l e  t o  
show t h a t  c o t a n g e n t i a l  t r a n s f e r s  a r e  n e a r l y  optimum (71,  134), 
of maneuver has been s t u d i e d  by a number of a u t h o r s  (e .go,  Lawden (71), 
Smith (134), Bender ( lo ) ,  and Wen (150). 
e x t e n s i v e l y  i n v e s t i g a t e d ,  both by a n a l y t i c a l  and numerical  methods. I n  
t h e  l i g h t  o f  c u r r e n t  knowledge, i t  appears  t h a t  c o t a n g e n t i a l  t r a n s f e r s ,  
w h i l e  r e l a t i v e l y  easy t o  analyze,  a r e  n o t  compe t i t i ve  (from t h e  f u e l  
s t andpo in t )  w i th  t h e  t r u e  optimum except i n  those  cases where t h e  t r u e  
optimum i s  a two-impulse t r a n s f e r .  
This  t ype  
The p r o p e r t i e s  have been r a t h e r  
2.1.2.2.3. I n i t i a l  and f i n a l  o r b i t s  are e l l i p s e s  w i t h  t h e  same 
l i n e  of apsides .  Horner (60) and Ting (138) have s t u d i e d  two-impulse 
t r a n s f e r s  between e l l i p t i c  o r b i t s .  They found t h a t  t h e  b e s t  o r i e n t a t i o n  
f o r  t h e  two o r b i t s  i s  f o r  bo th  e l l i p s e s  t o  have t h e  same l i n e  of aps ides .  
They a l s o  f i n d  t h a t ,  i f  t h i s  i s  true,  t h e  optimum two-impulse t r a n s f e r  i s  
between a p s i d e s  of t h e  i n i t i a l  and f i n a l  o r b i t s  and t h a t  t h e  t r a n s f e r  
e l l i p s e  has  t h e  same l i n e  of apsides  as t h e  i n i t i a l  and f i n a l  o r b i t s .  
This  means t h a t ,  i f  t r a n s f e r  i s  t o  be made between two e l l i p s e s  
of a r b i t r a r y  o r i e n t a t i o n ,  t h e  amount  of f u e l  used w i l l  not  b e  less than  
t h a t  r e q u i r e d  f o r  t h e  same two o r b i t s  w i th  t h e  l i n e s  of aps ides  co inc iden t .  
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Lawden (82) s t u d i e d  t h i s  problem under t h e  assumption t h a t  
two impulses would be used. Dickmanns (28) g i v e s  an i n t e r e s t i n g  way 
of p l o t t i n g  t h e  r e s u l t s  of t h i s  problem. 
c o - a p s i d a l  t r a n s f e r  problem us ing  the Contensou method. He conf ines  
h imse l f  t o  t h e  case where t h e  p e r i c e n t e r  of t h e  i n i t i a l  and f i n a l  
o r b i t s  l i e  on t h e  same l i n e ,  b u t  a r e  on o p p o s i t e  s i d e s  o f  t h e  a t t r a c t i n g  
c e n t e r  . 
Winn (152) c o n s i d e r s  t h e  
2.1,2.2.4. Only t h e  l i n e  of a p s i d e s  i s  t o  b e  changed. I f  
t h e  i n i t i a l  and f i n a l  o r b i t s  have t h e  same semimajor a x i s  and e c c e n t r i c i t y  
and on ly  d i f f e r  i n  t h e i r  a p s i d a l  d i r e c t i o n s ,  then t h e  optimal two-impulse 
t r a n s f e r  may be determined. Lawden (72, 82) d i d  t h i s ,  and a l s o  s t u d i e d  
t h e  one-impulse t r a n s f e r  f o r  th is  case.  The one-impulse t r a n s f e r  took 
cons ide rab ly  more f u e l  than t h e  two-impulse i n  t h e  case h e  presented.  
Marchal ( 9 4 )  s t u d i e d  the same problem from a more g e n e r a l  p o i n t  
of view. H e  s ta tes  t h a t  t h e r e  a r e  two p o s s i b l e  types  of opt imal  t r a n s f e r s :  
(a) t h e  two-impulse one s t u d i e d  by Lai~den,  and (b) a four- impulse t r a n s f e r  
‘ v i a  i n f i n i t y .  
The four-impulse maneuver uses  two f i n i t e  impulses and two 
i n f i n i t e s m a l  ones, The f i r s t  ( f i n i t e )  impulse i s  used t o  t r a n s f e r  from 
t h e  p e r i c e n t e r  of t h e  i n i t i a l  o r b i t  t o  a parabola.  A t  i n f i n i t y ,  two 
i n f i n i t e s m a l  impulses are used t o  t r a n s f e r  t o  a second pa rabo la  whose 
p e r i c e n t e r  i s  co inc iden t  w i t h  t h e  p c r i c e n t e r  of t h e  second e l l i p s e .  The 
f i n a l  ( f i n i t e )  i m p u l s e  i s  app l i ed  a t  t h i s  COiilinOn p e r i c e n t e r  t o  t r a n s f e r  
from t h e  second parabola  t o  t h e  f i n a l  e l l i p s e .  
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Marchal (94) does n o t  completely r e s o l v e  t h e  q u e s t i o n  of when 
each of t h e  two types  of maneuvers are opt imal ,  b u t  h e  does s ta te  t h a t  
i f  t h e  (common) e c c e n t r i c i t y  of t h e  i n i t i a l  and f i n a l  o r b i t s  i s  less 
than  0.53533 then  t h e  two-impulsemaneuver i s  b e t t e r  t han  t h e  fou r -  
impulse maneuver. 
0 
2.1.2.2.5. I n i t i a l  and f i n a l  o r b i t s  are n e a r l y  tangent .  I n  
t h i s  case, s p e c i a l  d i f f i c u l t i e s  a r i s e  i n  numerical  computation of op t ima l  
t r a n s f e r s .  McCue and Bender (100) cons ide r  t h i s  problem and g i v e  e x t e n s i v e  
r e f e r e n c e s  t o  r e l a t e d  work. 
2,1.3. T rans fe r s  Involving Pa rabo l i c  o r  Hyperbolic I n i t i a l  o r  F i n a l  O r b i t s  
2e1e3.1. I n i t i a l  and F ina l  O r b i t s  are Both of Non-h’egative - 
Energy. 
i s  t h e  following: i f  t h e  i n i t i a l  and f i n a l  o r b i t s  are both of non-negative 
energy ( they arc e i t h e r  p a r a b o l i c  o r  hyperbol ic)  and t h e  f o r c e  f i e l d  i s  
pu re  inve r se - squa re  ar,d t h e  t ime for  t r a n s f e r  i s  u n r e s t r i c t e d ,  then t h e  
t r a n s f e r  can always be accomplished ( t h e o r e t i c a l l y )  w i t h  z e r o  f u e l .  
One of t h e  more unexpected r e s u l t s  i n  ana lyz ing  space  maneuvers 
These ze ro - fue l  trajectories are u n r e a l i s t i c  i n  t h a t  they i n v o l v e  
e i t h e r  performing maneuvers i n f i n i t e l y  d i s t a n t  from t h e  a t t r a c t i n g  c e n t e r ,  
o r  approaching w i t h i n  ze ro  d i s t a n c e  of t h e  a t t r a c t i n g  c e n t e r  o r  both. 
However, t h e s e  t r a j e c t o r i e s  are t h e  s o l u t i o n s  t o  t h e  mathematical  problem 
of minimizing f u e l  i n  an inverse-square f i e l d .  
Edelbaum (34, 37) suggested a maneuver c o n s i s t i n g  of s i x  i n f i n i -  
tesmal i m p u l s e s  t o  t r a n s f e r  from one hype rbo l i c  o r b i t  t o  another .  
maneuver, fou r  of t h e  impulses a r e  app l i ed  a t  i n f i n i t y ,  and two are a p p l i e d  
i n f i n i t e s m a l l y  c l o s e  t o  t h e  a t t r a c t i n g  c e n t e r .  
an i n f i n i t e  t i m e .  
I n  h i s  
This  r e q u i r e s ,  of cour se ,  
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A more comprehensive treatment of t h e  problem i s  g iven  by 
Ivanshk in  ( 6 3 ) ,  who uses  some elements o f  t h e  Contensou approach t o g e t h e r  
w i t h  t h e  n o t i o n  of a minimizing sequence. From t h e  mathematical  s t andpo in t ,  
t h i s  i s  a much more s a t i s f a c t o r y  way t o  d i s c u s s  t h e s e  abnormal t r a j e c t o r i e s .  
Rather  t han  t a l k i n g  about "impulses a t  i n f i n i t y "  o r  "impulses a t  z e r o  radius" ,  
h e  c o n s t r u c t s  sequences of t r a j e c t o r i e s .  Each t r a j e c t o r y  i n  the sequence 
has  impulses a p p l i e d  f a r t h e r  o u t  and c l o s e r  i n  t h a n  t h e  one preceding it. 
He t h e n  cons ide r s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  r e q u i r e d  by each of t h e s e  
t r a j e c t o r i e s ,  and f i n d s  t h e  lower l i m i t  of t h i s  c h a r a c t e r i s t i c  v e l o c i t y .  
This  l i m i t  e x i s t s ,  even though t h e  t r a j e c t o r y  corresponding t o  t h e  l i m i t i n g  
v a l u e  does no t  e x i s t  i n  t h e  usua l  sense. Using t h i s  method of argument, 
Ivanshk in  (63 )  o b t a i n s  t h e  r e s u l t  s t a t e d  a t  t h e  beginning of t h i s  s e c t i o n .  
The opt imal  maneuvers obtained by t h i s  method do no t  s a t i s f y  
one o r  more c o n s t r a i n t s  which would be p r e s e n t  i n  r ea l -wor ld  maneuvers. 
S ince  z e r o  f u e l  i s  r e q u i r e d  i n  t h e  absence of t h e  c o n s t r a i n t s ,  i t  fol lows 
t h a t  t h e  amount of f u e l  which w i l l  b e  r e q u i r e d  i n  an a c t u a l  maneuver w i l l  
depend e n t i r e l y  on t h e  c o n s t r a i n t s  themselves. Seve ra l  a u t h o r s  have con- 
s i d e r e d  v a r i o u s  c o n s t r a i n t s  and found opt imal  c o n s t r a i n e d  maneuvers which, 
of cour se ,  have non-zero f u e l  requirements.  
F r i e d l a n d e r  and Harry (45) considered t h e  problem of c o r r e c t i n g  
t h e  p e r i c e n t e r  o f  a hype rbo l i c  o r b i t .  
approaching a p l a n e t  along a hyperbola whose p o i n t  of  c l o s e s t  approach 
t o  t h e  p l a n e t  was d i f f e r e n t  from the  d e s i r e d  value.  I n  t h e  absence o f  
c o n s t r a i n t s ,  an i n f i n i t e s m a l  impulse, app l i ed  a t  an i n f i n i t e  d i s t a n c e  
would c o r r e c t  t h e  p e r i c e n t e r .  
It was assumed t h a t  a v e h i c l e  w a s  
























a t  a f i n i t e  d i s t a n c e ,  then t h a t  d i s t a n c e  should b e  as l a r g e  as p o s s i b l e .  
Once t h e  maximum d i s t a n c e  i s  e s t a b l i s h e d ,  t hen  t h e  problem i s  t o  select  
t h e  impulse d i r e c t i o n  and magnitude which w i l l  accomplish t h e  c o r r e c t i o n  
wi th  minimum f u e l ,  This i s  t h e  problem solved by F r i e d l a n d e r  and Harry. 
Marchal (95) has considered t h e  problem of t r a n s f e r r i n g  from 
one hyperbola  t o  ano the r  w i th  time f r e e  under t h e  r e s t r i c t i o n  t h a t  t h e  
t r a j e c t o r y  must always remain a c e r t a i n  f i n i t e  d i s t a n c e  away from t h e  
a t t r a c t i n g  c e n t e r .  Impulses a t  i n f i n i t y  are s t i l l  pe rmi t t ed ,  b u t  impulses 
i n f i n i t e s m a l l y  c l o s e  t o  t h e  c e n t e r  are no t .  He f i n d s  t h a t  t h e  optimum 
t h r u s t i n g  program i s  a lways  impulsive, t h a t  t h e r e  are never  more t h a n  two 
impulses of f i n i t e  magnitude, and t h a t  t h e r e  are cases where only one 
impulse i s  used. 
f o r  which v a r i o u s  types of maneuvers are optimal.  
He g ives  a complete d e s c r i p t i o n  of t h e  parameter v a l u e s  
Gobetz (50) considered t h e  same problem from a more s i m p l i f i e d  
p o i n t  of view. Suppose t h a t  t h e  hyperbol ic  excess  v e l o c i t y  and d i r e c t i o n  
o f  the asymptote i s  given b e f o r e  an encounter of a s p a c e c r a f t  w i t h  a p l a n e t  
and t h a t  t h e  same q u a n t i t i e s  a r e  s p e c i f i e d  a f t e rwards .  He compares t h e  
optinum one-impulse maneuver wi th  a four-impulse maneuver (two of t h e  
impulses are i n f i n i t e s m a l )  which was suggested by Edelbaum's (34,37) 
six- impulse maneuver. The same four-impulse maneuver was considered by 
Marchal (95). Gobetz found t h a t  e i t h e r  t h e  one- o r  four-impulse maneuver 
might b e  optimum, depending on problem parameters.  For t h e  r e s u l t s  pre-  
s en ted ,  t h e  d i f f e r e n c e  i n  f u e l  requirements f o r  t h e  two maneuvers never 
exceeds about 20%, and i n  most cases  i t  i s  less.  
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2.1.3.2. Circle-to-Hyperbola and El l ipse- to-Hyperbola  Trans fe r s .  
The c i r c l e - to -hype rbo la  problem i s  n e a r l y  as o l d  as t h e  Hohmanr? t r a n s f e r .  
I n  1929, Oberth (113) cons idered  t h e  problem of  escaping  from a c i r c u l a r  
o r b i t .  
c i r c u l a r  o r b i t  3y  dec reas ing  ve loc i ty .  Then, a t  t h e  p e r i c e n t e r  of t h e  
r e s u l t i n g  o r b i t ,  an a c c e l e r a t i n g  impulse i s  app l i ed .  Oberth,  however, 
d i d  n o t  make a p a r t i c u l a r l y  thorough i n v e s t i g a t i o n .  Lawden (73) s t u d i e d  
the s a m e  maneuver, and showed t h a t  u n l e s s  t h e  hype rbo l i c  excess v e l o c i t y  
d e s i r e d  w a s  r a t h e r  l a r g e ,  i t  was  more economical t o  escape  d i r e c t l y  v i a  
a s i n g l e  t a n g e n t i a l  a c c e l e r a t i v e  impulse. 
H e  suggested t h a t  i t  would b e  advantageous t o  drop o u t  of t h e  
Edelbaum (32) c a r r i e d  the  problem f u r t h e r  by proposing a 
three- impulse maneuver. The f i r s t  impulse i s  a t a n g e n t i a l  a c c e l e r a t i o n  
from the c i r c u l a r  o r b i t ,  t r a n s f e r r i n g  t h e  v e h i c l e  t o  an  e l l i p t i c  o r b i t  
w i t h  p e r i c e n t e r  on t h e  o r i g i n a l  c i r c u l a r  o r b i t  and w i t h  apocenter  ou t s ide .  
When the v e h i c l e  reaches  apocenters  a t a n g e n t i a l  d e c e l e r a t i n g  impulse 
i s  app l i ed ,  t r a n s f e r r i n g  t o  an e l l i p t i c a l  o r b i t  whose p e r i c e n t e r  i s  as 
c l o s e  t o  t h e  c e n t e r  of  t h e  a t t r a c t i n g  body as poss ib l e .  
o f  t h i s  second e l l i p t i c  o r b i t  a n  
t r a n s f e r r i n g  t h e  v e h i c l e  t o  t h e  des i red  hyperbol ic  o r b i t .  The one-, two-, and 
three- impulse  maneuvers are ind ica t ed  schemat i ca l ly  i n  F igu re  2.1,3.2-1, 
A t  t h e  p e r i c e n t e r  
a c c e l e r a t i n g  impulse i s  app l i ed  t a n g e n t i a l l y ,  
T 
T3 h l  
T1 
a) One-Impulse b) Two-Impulse c ) Three - Irnpul s e 
(Oberth-Lawden) (Ed e 1 b aum) 
FIGURE 2.1.3.2-1. CIRCLE-HYPERBOLA TR4KSFERS 
, 
Edelbaum (32) 
three- impulse maneuver 
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compares a l l  t h r e e  maneuvers and f i n d s  that  t h e  
s always more economical t h a n  the two- mpulse. 
i s  a p p l i e d  i s  made s u f f i c i e n t l y  Furthermore,  i f  t h e  apocenter  where I 
l a r g e ,  t h e  three- impulse maneuver can always b e a t  t h e  one-impulse. The 
three- impulse maneuver i s  better as the apocenter  of  the e l l i p t i c  o r b i t s  
i s  inc reased ,  and as the p e r i c e n t e r  of t h e  second e l l i p t i c  o r b i t  i s  
decreased.  
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The l i m i t i n g  maneuver would b e  t o  t r a n s f e r  from t h e  c i r c u l a r  
o r b i t  t o  a p a r a b o l i c  o r b i t .  Then, a t  i n f i n i t y ,  an i n f i n i t e s m a l  impulse 
would t r a n s f e r  t h e  v e h i c l e  t o  an  o r b i t  coming i n f i n i t e s m a l l y  c l o s e  t o  
t h e  a t t r a c t i n g  cen te r .  A t  t h e  pe r i cen te r  of  t h i s  o r b i t ,  an i n f i n i t e s m a l  
impulse would t r a n s f e r  t h e  v e h i c l e  t o  any d e s i r e d  hype rbo l i c  t r a j e c t o r y .  
This  l a s t  maneuver would be  p r a c t i c a l l y  l i m i t e d  by t h e  f i n i t e  r a d i u s  o f  
t h e  a t t r a c t i n g  c e n t e r  and i t s  atmosphere. 
Edelbaum (32) shows p l o t s  of t h e  c h a r a c t e r i s t i c  v e l o c i t y  r equ i r ed  
f o r  a l l  t h r e e  types  of maneuvers f o r  some reasonab le  cases. I f  t h e  a t t r a c t i n g  
c e n t e r  can be  approached r a t h e r  c lose ly ,  then t h e  three- impulse maneuver can 
provide  a r b i t r a r i l y  l a r g e  sav ings  i n  f u e l  i f  t h e  r e q u i r e d  excess v e l o c i t y  i s  
s u f f i c i e n t l y  l a rge .  
I n  t h e  l i m i t ,  i f  t h e  a t t r a c t i n g  c e n t e r  can be  approached a r b i t r a r i l y  
c l o s e l y ,  t h e  three- impulse maneuver r e q u i r e s  a c h a r a c t e r i s t i c  v e l o c i t y  equal  
t o  t h a t  r equ i r ed  t o  escape ( v i a  a parabola)  from t h e  c i r c u l a r  o r b i t .  The 
one-impulse maneuver r e q u i r e s  t h i s  v e l o c i t y  and, i n  a d d i t i o n ,  t h e  d e s i r e d  
hype rbo l i c  excess  energy must b e  added a t  t h e  same t i m e .  
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These r e s u l t s  a r e  c o n s i s t e n t  w i t h  t h o s e  of Ivanshk in  ( 6 3 )  
mentioned ear l ier .  He considered t h e  e l l i p s e - t o - h y p e r b o l a  problem, o f  
which t h e  c i r c l e - to -hype rbo la  i s  a s p e c i a l  case. S i n c e  i t  i s  p o s s i b l e  
t o  t r a n s f e r  f r e e l y  among p a r a b o l i c  and hype rbo l i c  t r a j e c t o r i e s ,  i t  i s  
only necessa ry  t o  t r a n s f e r  from the e l l i p s e  t o  a parabola .  A f t e r  
r each ing  i n f i n i t y ,  i t  w i l l  t hen  be p o s s i b l e  t o  t r a n s f e r  t o  any d e s i r e d  
hyperbola a t  a c o s t  o f  only i n f i n i t e s m a l  amounts of f u e l .  
The optimal  way t o  t r a n s f e r  from an e l l i p s e  t o  a pa rabo la  i s  
by means of a s i n g l e  t a n g e n t i a l  impulse app l i ed  a t  t h e  p e r i c e n t e r  o f  t h e  
e l l i p s e .  
d i f f e r e n c e  between t h e  p e r i c e n t e r  v e l o c i t y  f o r  t h e  e l l i p s e  and t h e  escape 
v e l o c i t y  a t  p e r i c e n t e r  a l t i t u d e .  
The amount of c h a r a c t e r i s t i c  v e l o c i t y  r e q u i r e d  i s  merely t h e  
2.1 4 .  T r a n s f e r s  Involving Terminals 
There are a v a r i e t y  o f  t r a n s f e r  problems where e i t h e r  t h e  i n i t i a l  
o r  f i n a l  s ta te  of t h e  v e h i c l e  i s  not s p e c i f i e d  as l y i n g  on a g iven  o r b i t .  
Rather ,  some d i f f e r e n t  type of s ta tement  i s  made about  it. 
t h e  i n i t i a l  p o s i t i o n  and i n i t i a l  v e l o c i t y  o r ,  perhaps,  only t h e  i n i t i a l  
p o s i t i o n  may b e  given. Such non-o rb i t a l  s p e c i f i c a t i o n s  are sometimes c a l l e d  
" terminals l ' ;  however, usage of t h i s  term i s  no t  uniform i n  t h e  l i t e r a t u r e .  
I n  some cases, 2 problem involving a t e rmina l  may b e  thought of as an 
o r b i t a l  t r a n s f e r ,  b u t  i n  o t h e r s ,  i t  cannot.  
For example, 
This  class of problem has r ece ived  inuch less a t t e n t i o n  t h a n  
o r b i t a l  t r a n s f e r s ,  and complete r e s u l t s  comparable t o  Marchal's (93) f o r  
t h e  coplanar  problem have nr?t been ob ta ined  i n  any case. 
. 
Ttiro problems of t h i s  t y p e  were s t a t e d  by Vargo (142). I n  t h e  

























and v e l o c i t y ,  were given. 
tudes and d i r e c t i o n s  which would t r a n s f e r  t h e  v e h i c l e  from t h e  i n i t i a l  
c o n d i t i o n  t o  t h e  f i n a l  c o n d i t i o n  with minimum c h a r a c t e r i s t i c  v e l o c i t y .  
It was assumed t h a t  t h e r e  would be two impulses,  one app l i ed  a t  each end 
o f  t h e  t r a n s f e r  t r a j e c t o r y .  The i n i t i a l  and f i n a l  v e l o c i t y  v e c t o r s  were 
r e q u i r e d  t o  l i e  i n  t h e  p l a n e  def ined by t h e  i n i t i a l  and f i n a l  p o s i t i o n s  
and t h e  a t t r a c t i n g  c e n t e r ,  s o  that  t h e  e n t i r e  problem w a s  coplanar .  
The problem vas t o  f i n d  t h e  two-impulse magni- 
Vargo's second problem, t h e  only one f o r  which he p r e s e n t s  
any r e s u l t s ,  i s  a r e l a t e d  one i n  which t h e  i n i t i a l  and f i n a l  p o s i t i o n s  
are n o t  completely s p e c i f i e d .  Only t h e  d i s t a n c e s  from t h e  a t t r a c t i n g  
c e n t e r  are given. The problem i s  s t i l l  coplanar .  The i n i t i a l  and f i n a l  
v e l o c i t i e s  are s p e c i f i e d  as t o  magnitude and d i r e c t i o n  w i t h  r e s p e c t  t o  
t h e  l o c a l  h o r i z o n t a l .  For t h i s  problem, Vargo g i v e s  a computational 
method and some numerical  resu l t s  f o r  one s p e c i f i c  case, 
method f o r  s o l v i n g  t h e  second problem was g iven  by Munick, M c G i l l ,  and 
Taylor  (106, 107, and lOS), The complete s o l u t i o n  i n  c losed  form i s  
g iven  by Horner (59). 
An a n a l y t i c a l  
Vargo's f i r s t  problem was considered by Altman and P i s t i n e r  (1). 
They de r ived  an e igh th -o rde r  a l g e b r a i c  equa t ion  whose s o l u t i o n  would g i v e  
t h e  s o l u t i o n  t o  t h e  problem, and obtained t h e  s o l u t i o n  i n  a special  case. 
P i n e s  (116) d e r i v e s  a similar r e s u l t  by an e n t i r e l y  d i f f e r e n t  approach. 
S t a r k  (135) considered a v a r i a t i o n  o f  Vargo's f i r s t  problem i n  
which t h e  i n i t i a l  p o s i t i o n  and v e l o c i t y  were g iven ,  b u t  only t h e  f i n a l  
p o s i t i o n .  The f i n a l  v e l o c i t y  i s  free. This  l e a d s  t o  a fou r th -o rde r ,  
r a t h e r  t han  e igh th -o rde r ,  a l g e b r a i c  equa t ion  t o  b e  solved.  
Horner (61) cons ide r s  a v a r i a t i o n  of Vargo's second problem. 
He found t h e  s o l u t i o n  t o  t h e  problem of t r a n s f e r  from a t e rmina l  r a d i a l  
d i s t a n c e  and v e l o c i t y  t o  an o r b i t .  For t h e  cases he t rea ts ,  he f i n d s  
t h e  complete s o l u t i o n  i n  c losed form. 
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Ting and P i e r u c c i  (139) s tud ied  t h e  same problem w i t h  t h e  
excep t ion  t h a t  t h e  two impulses a re  allowed t o  have d i f f e r e n t  s p e c i f i c  
impulses ,  and t h e  problem i s  t o  minimize t h e  v e h i c l e  mass change, r a t h e r  
t han  t h e  c h a r a c t e r i s t i c  v e l o c i t y .  
A r e l a t e d  problem was considered by Leitmann (86). He r equ i r ed  
the f i n a l  o r b i t  t o  b e  c i r c u l a r  (Ting and P i e r u c c i  allowed e l l i p s e s )  and 
pe rmi t t ed  an out -of -p lane  i n i t i a l  v e l o c i t y  component. 
d i f f e r e n t  s p e c i f i c  impulses f o r  the i n i t i a l  and f i n a l  t h r u s t s .  
H e  a l s o  allowed 
F i n a l l y ,  t h e r e  are a v a r i e t y  o f  t r a n s f e r  problems a s s o c i a t e d  
wi th  atmospheric  r een t ry .  The o b j e c t i v e  h e r e  i s  t o  t r a n s f e r  from an 
i n i t i a l  con ic  o r b i t  of  some k ind  t o  some t e rmina l  cond i t ion .  Most 
s t u d i e s  assume a s ingle- impulse  t r a n s f e r ,  and a number o f  d i f f e r e n t  types  
o f  telrminal s p e c i f i c a t i o n s  have been considered (3,  5, 44,  and 46).  
One s tudy  which deserves  s p e c i a l  mention i s  the r e c e n t  r e p o r t  
They f i r s t  cons ider  s e v e r a l  problems under by Vinh and Busemann (145). 
t h e  u s u a l  one-impulse assumption. Then, they cons ide r  t h e  ques t ion  of 
t h e  a b s o l u t e  optimum, wi thout  r e s t r i c t i o n  on t h e  number of  impulses and, 
i n i t i a l l y ,  without  assuming t h a t  impulsive t h r u s t  i s  opt imal .  They use  
t h e  Contensou method, mentioned e a r l i e r ,  t o  show t h a t  t h e  t h r u s t  should 
b e  impuls ive  and t o  deduce t h e  form of t h e  opt imal  maneuver i n  some cases. 
2.2. Coplanar Rendezvous and Minimum-Time T r a n s f e r s  -
I n  t h e  problems of  t h e  preceding s e c t i o n ,  t i m e  w a s  no t  r e s t r i c t e d  
i n  any way. 
I n  t h i s  s e c t i o n ,  problems are considered i n  which t i m e  i s  impor tan t  t o  some degree.  
I n  e f f e c t ,  i t  was no t  eveil cons idered  as a p a r t  of t h e  formulat ion.  
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There are s e v e r a l  types  of such problems. It i s  h e l p f u l  t o  
d i s t i n g u i s h  some of  these: (a) t ime-free rendezvous (a v e h i c l e  i n  one 
o r b i t  must e i t h e r  c o l l i d e  o’r rendezvous wi th  a v e h i c l e  i n  ano the r  o r b i t ,  
bu t  t h e  t i m e  r equ i r ed  t o  do t h i s  is  immaterial); (b) f ixed- t ime rendezvous 
(a d e f i n i t e  pe r iod  i s  a l l o t t e d  fo r  t h e  maneuver); (c) minimum-time t r a n s f e r  
o r  rendezvous; (d) f ixed- t ime transfer. I n  each of  t hese ,  i t  i s  p o s s i b l e  
t o  formula te  meaningful minimum-fuel problems, and a l l  have been s tud ied ,  
a t  l eas t  t o  some e x t e n t ,  except the  l a s t ,  The r e s u l t s  a v a i l a b l e  f o r  t h e  
f i r s t  t h r e e  problems are reviewed i n  t h e  fol lowing.  
2.2.1. Time-Frez Kendezvous 
Suppose that  a v e h i c l e  i s  i n i t i a l l y  on one o r b i t ,  and wi th  some 
s p e c i f i c  phase on that o r b i t .  
i s  f i x e d  as a func t ion  o f  time. The v e h i c l e  i s  t o  b e  t r a n s f e r r e d  t o  another  
o r b i t  and t o  some s i m i l a r l y  f i x e d  phase on the new o r b i t .  The t i m e  r e q u i r e d  
t o  do t h i s  i s  completely f r ee .  Under t h e s e  r u l e s ,  i t  i s  d e s i r e d  t o  accomplish 
t h e  change w i t h  minimum c h a r a c t e r i s t i c  v e l o c i t y .  
I n  o t h e r  words, the p o s i t i o n  a long  the o r b i t  
It has  been recognized by a number of r e s e a r c h e r s  t h a t  t h i s  type  
of  rendezvous can b e  accomplished, a t  l eas t  i n  many cases, wi th  the same 
amount of f u e l  as a t ime-f ree  t r a n s f e r  between t h e  same two o r b i t s .  It 
may b e  t h a t  a g r e a t e r  nunher of impulses i s  r equ i r ed ,  b u t  the amount of 
f u e l  may be  t h e  sane. 
To i l l u s t r a t e  t h i s ,  cons ider  a veh-icle i n  a c i r c u l a r  orbi t .  about 
a p l a n e t .  It i s  d e s i r e d  t o  move t h i s  v e h i c l e  t o  a rendezvous w i t h  another  
c r a f t  i n  a h igher  coplanar  c i r c u l a r  o r b i t  about t h e  saxle p lane t .  I f  i t  
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were n o t  f o r  t h e  phasing problem, t h e  minimum-fuel maneuver would b e  t h e  
Hohmann t r a n s f e r .  A Hohmann t r a n s f e r ,  i n i t i a t e d  a t  some a r b i t r a r y  t i m e ,  
would reach t h e  d e s i r e d  f i n a l  o r b i t ,  bu t ,  i n  g e n e r a l ,  n o t  a t  t h e  c o r r e c t  
t i m e .  
Note, however, 
a r a t e  of  r o t a t i o n  about 
that  t h e  v e h i c l e  which i s  i n  t h e  lower o r b i t  has  
the a t t r a c t i n g  c e n t e r  which i s  d i f f e r e n t  from 
t h a t  of  t h e  v e h i c l e  i n  t h e  h i g h e r  o r b i t ,  From th is ,  i t  fo l lows  t h a t  t h e  
a n g l e  between t h e  two r a d i u s  vec to r s  w i l l  go through a l l  p o s s i b l e  va lues  
i f  a s u f f i c i e n t l y  long pe r iod  i s  allowed. There w i l l  b e  one v a l u e  o f  t h i s  
angle ,  such t h a t ,  i f  a Hohmann t r a n s f e r  i s  i n i t i a t e d  a t  t h a t  va lue ,  rende- 
zvous w i l l  b e  achieved. The des i r ed  va lue  of  t h e  r e l a t i v e  o r i e n t a t i o n  was 
found by Paiewonsky (114). 
The fuel-optimum rendezvous would proceed as fol lows.  Do nothing 
u n t i l  t h e  r e l a t i v e  o r i e n t a t i o n  o f  t h e  two sa te l l i t es  has  t h e  d e s i r e d  value.  
A t  that  t i m e ,  i n i t i a t e  a s t anda rd  Hohmann t r a n s f e r .  A t  the end of  t h e  
t r a n s f e r ,  t h e  two v e h i c l e s  w i l l  have t h e  same p o s i t i o n  and v e l o c i t y .  
This ,  of  course ,  r e q u i r e s  no more f u e l  than t h e  s imple  Hohmann t ra .ns fer .  
The only  p r i c e  pa id  i s  t h e  a d d i t i o n a l  wa i t ing  t i m e .  
There are, i n  f a c t ,  a n  i n f i n i t e  number of  ways t o  perform t h i s  
rendezvous wi th  t h e  same amount of f u e l .  The Hohmann maneuver involves  
r a i s i n g  t h e  o r b i t  apocenter  t o  i t s  f i n a l  va lue  i n  a s i n g l e  s t e p .  
could  b e  done i f i  any number of s t eps  f o r  t h e  same f u e l .  
on d e p a r t i n g  t h e  c i rcu lar  o r b i t ,  an a c c e l e r a t i v e  impulse could b e  app l i ed  
which would t r a n s f e r  t h e  v e h i c l e  t o  an e l l i p t i c  o r b i t  whose apocenter  w a s  
between t h e  two c i r c u l a r  o r b i t s .  A t  t h e  next  p e r i c e n t e r  passage,  another  
impulse could be app l i ed ,  r a i s i n g  t h e  apocenter  h i g h e r ,  bu t  no t  t o  t h e  
o u t e r  o r b i t .  Ofi t h e  next  p e r i c e n t e r  passage, a t h i r d  impulse could be  





t h e  d e s i r e d  apocenter  d i s t a n c e ,  another impulse would i n j e c t  t h e  v e h i c l e  
i n t o  the f i n a l  o r b i t .  I f  t h i s  four-impulse maneuver i s  s t a r t e d  a t  j u s t  
the r i g h t  t i m e ,  rendezvous would b e  achieved. 
Van Gelder ,  B e l t r a m i ,  and Munick (141) s t u d i e d  a similar problem 
of  rendezvous when one of  the o r b i t s  i s  c i r c u l a r  and t h e  o t h e r  i s  e l l i p t i c a l .  
They cons ide r  t h e  u s e  o f  i n t e rmed ia t e  "parking" o r b i t s  which b r i n g  the two 
satel l i tes  i n t o  t h e  d e s i r e d  phase r e l a t i o n s h i p .  
B i l l i k  and Roth (11) and Brunk and F l a h e r t y  (17) cons ide r  v a r i o u s  
i d e a s  which make i t  p o s s i b l e  t o  shor ten  t h e  wa i t ing  t i m e  wi thout  i n c r e a s i n g  
t h e  f u e l  requirements  excess ive ly .  The s tudy  o f  Schneider ,  et a l ,  (131), 
has  about  the same approach, though t h e  o b j e c t i v e  i s  t o  provide  l o g i c  f o r  
a guidance computer. 
2.2.2. Fixed-Time Rendezvous 
I f  the motion of t h e  two v e h i c l e s  a long the i r  t r a j e c t o r i e s  i s  
uniquely  determined w i t h  r e s p e c t  t o  t i m e ,  and i f  t h e  t i m e  per iod  f o r  t h e  
rendezvous maneuver i s  completely s p e c i f i e d ,  then,  i n  e f f e c t ,  t h e  p o s i t i o n  
and v e l o c i t y  of  t h e  maneuvering v e h i c l e  are completely s p e c i f i e d  a t  bo th  
ends o f  t h e  t i m e  i n t e r v a l .  A f ixed  t i m e  t r a n s f e r  between completely- 
s p e c i f i e d  terminals i s  requi red .  
A t  least two impulses w i l l  b e  needed t o  perform t h i s  maneuver. 
I f  two impulses are used, then there  i s  no minimizat ion problem. There 
i s ,  i n  g e n e r a l ,  only one t r a j e c t o r y  meeting a l l  t h e  requirements ,  and 
t h a t  t r a j e c t o r y  completely determines t h e  f u e l  used. Determinat ion of  
t h i s  t r a j e c t o r y  i s  known a s  Lambert's problem. It i s  d iscussed  by B a t t i n  ( 9 ) ,  
who g ives  a d d i t i o n a l  r e f e r e n c e s ,  and by L i m  (89). 
4 2  
This  two-impulse t r a n s f e r  i s  widely used i n  i n t e r p l a n e t a r y  
n i s s i o n  planning s t u d i e s  t o  survey exhausciveiy a r ange  of d e p a r t u r e  
d a t e s  and f l i g h t  t i m e s .  Th'is involves ,  however, an  assumption t h a t  two- 
impulse t r a n s f e r s  are opt imal ,  and i t  i s  by no means p o s s i b l e  t o  assert 
t h a t  t h i s  i s  always t h e  caseo Amore g e n e r a l  p o i n t  of view i s  taken by 
P russ ing  (119), H e  c o n s i d e r s  t h e  problem o f  rendezvous i n  a f i x e d  t i m e .  
The t a r g e t  v e h i c l e  i s  i n  a c i r c u l a r  o r b i t  and t h e  maneuvering v e h i c l e  
i s  c l o s e  t o  t h e  c i r c u l a r  o r b i t  i n  both p o s i t i o n  and v e l o c i t y .  The problem 
i s  r e s t r i c t e d  t o  t h e  plane of t h e  t a r g e t  o r b i t .  S ince  a l l  maneuvering i s  
done i n  t h e  v i c i n i t y  of a c i r c u l a r  r e f e r e n c e  o r b i t ,  P russ ing  l i n e a r i z e d  
t h e  equa t ions  of motion. Then, h e  app l i ed  Lawden's method, ana lyz ing  t h e  
behavior  o f  t h e  primer v e c t o r  t o  f i n d  where t h e  impulses are appl ied.  
P russ ing  g i v e s  t h e  r e s u l t s  f o r  t h e  problem of t r a n s f e r r i n g  
from one p o i n t  on a c i r c u l a r  o r b i t  t o  ano the r  p o i n t  on t h e  same c i r c u l a r  
o r b i t  i n  a f i x e d  amount of t i m e .  The two-impulse s o l u t i o n  has  a s i n g u l a r i t y  
n e a r  500' of o r b i t a l  p o s i t i o n  change. 
t h a t  t h e  u s e  of four-impulse maneuvers e l i m i n a t e s  t h e  s i n g u l a r i t y  completely. 
This  i s  i l l u s t r a t e d  i n  F i g u r e  2.2.2-1 where t i s  t h e  time allowed f o r  t h e  
maneuver, and 
Near t h i s  v i c i n i t y ,  P russ ing  shows 
AV i s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  r equ i r ed .  
P russ ing  a l s o  g i v e s  a p a r t i a l  d e f i n i t i o n  of t h e  circumstances 
under which v a r i o u s  types of maneuvers are optimal.  This  i s  shown i n  
F i g u r e  2.2.2-2 where t i s  a g a i n  the t i m e  allowed (expressed i n  or 'o ical  
pe r iods )  and 8 i s  t h e  i n i t i a l  angular  s e p a r a t i o n  between t h e  t a r g e t  and 
maneuvering v e h i c l e s .  I n  t h i s  case, t h e  maneuvering v e h i c l e  i s  i n i t i a l l y  
i n  a c i r c u l a r  o r b i t  of r a d i u s  d i f f e r e n t  from t h e  t a r g e t  o r b i t .  The "Hohmann 
coas t "  i s  a two-impulse t r a n s f e r  with a wait. 
w i t h  a Hohnimn maneuver i n  l ess  t i m e  than i s  alloiied i n  t h e  problem. 
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These numbers of impulses are c o n s i s t e n t  w i t h  t h e  r e s u l t s  of  
Ncus tad t  (109) and P o t t e r  and S t e r n  (118) who showed that ,  f o r  th i s  
problem, t h e  maximum number of  impulses would b e  fou r ,  
S ince  t h i s  i s  a s imple c i r c l e - t o - c i r c l e  rendezvous,  i t  seems 
clear t h a t ,  i n  gene ra l ,  f i x e d  t ime problems may be  r a t h e r  complex. 
2.2.3. Minimum-Time Trans fe r  
The problem o f  minimizing t h e  t i m e  does n o t  make sense  u n l e s s  
some o t h e r  c o n s t r a i n t  i s  app l i ed ,  I f  an  unl imi ted  amount of  f u e l  i s  
a v a i l a b l e ,  and i f  i t  can be  burned impuls ive ly ,  then  i t  should b e  
p o s s i b l e  t o  make t h e  maneuver t ime as s h o r t  as one p l e a s e s  (so long 
as Newtonian mechanics apply) .  The most l o g i c a l  type  of c o n s t r a i n t  t o  
impose may b e  t h a t  of l i m i t i n g  t h e  amount o f  f u e l  a v a i l a b l e ,  and minimizing 
the t i m e  under t h a t  r e s t r i c t i o n .  
A problem of t h i s  t ype  has been cons idered  by Wang (148), b u t  
t h i s  appears  t o  be  t h e  only  such study repor ted .  The s c a r c i t y  of work 
i n  t h i s  area i s  perhaps due t o  t h e  f a c t  t h a t  minimum-fuel problems are  
s t i l l  o f  major p r a c t i c a l  i n t e r e s t .  
2,3 .  Non-Coplanar Time-Fr'ee Trans fe r s  
The c u r r e n t  s t a t u s  of t h i s  problem i s  much less  s a t i s f a c t o r y  
than  t h a t  o f  t h e  coplanar  case. Most of t h e  r e s u l t s  which have been 
ob ta ined  f o r  t h i s  t ype  of t r a n s f e r  have been based on t h e  assumptions: 
(a) t h e  opt imal  t h r u s t  program i s  impulsive;  (b) t h e  number of impulses 
and t h e i r  p o i n t s  of a p p l i c a t i o n  (and, sometimes, t h e i r  d i r e c t i o n )  can be  
s p e c i f i e d  i n  advance. Sone au thors  have used more than  one impulse 
scheme and compared t h e  f u e l  used by each. 
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Three r e c e n t  papers  by Winn (152) , Busemann and Culp (19), and 
Marchal (94),  promise a more comprehensive approach. A l l  make u s e  of 
three-dimensional  v e r s i o n s  o f  Contensou's method which can b e  g e n e r a l i z e d  
r a t h e r  d i r e c t l y .  Busemann and Culp (19) p r e s e n t  a number of q u a l i t a t i v e  
conc lus ions  which can b e  de r ived  r a t h e r  e a s i l y  by t h e  v a r i a t i o n a l  method. 
Winn (152) formulates  t h e  non-coplanar problem, b u t  does l i t t l e  more than  
beg in  t h e  s o l u t i o n .  
Marchal 's  t r ea tmen t  (94) i s  t h e  most ex tens ive .  He c o n s i d e r s  
s e v e r a l  s p e c i f i c  problems and gives  some i n d i c a t i o n  of t h e  circumstances 
under which v a r i o u s  maneuvers would b e  used. It s e e m s  probable  t h a t  f u r t h e r  
r e s u l t s  w i l l  be  forthcoming using t h i s  t ype  of a n a l y s i s .  
I n  t h e  fol lowing paragraphs,  ea r l ie r  work on t h i s  problem i s  
reviewed. This work i s  i n t e r e s t i n g  and sugges t ive ,  d e s p i t e  t h e  f a c t  
t h a t  none of t h e  r e s u l t s  can  b e  affirmed t o  b e  a b s o l u t e  minima f o r  the, 
g e n e r a l  problem. The l i n e a r i z e d  theory (109) sugges t s  t h a t  t h e  optimum 
number o f  impulses may go as h igh  as f i v e ,  f o r  t h i s  problem. No s t u d i e s  
t o  d a t e  have examined more than  three impulses. 
2.3.1, T rans fe r s  Between Non-Coplanar C i r c u l a r  O r b i t s  
Perhaps t h e  s i m p l e s t  problem o f  t h i s  class i s  t h a t  of r o t a t i n g  
t h e  p l a n e  of a c i r c u l a r  o r b i t  without changing i t s  r a d i u s .  
i n i t i a l  and f i n a l  o r b i t s  i n t e r s e c t ,  i t  i s  p o s s i b l e  t o  perform t h i s  maneuver 
w i t h  a s i n g l e  impulse. 
S lnce  t h e  
Rider  (121) suggested t h a t  i t  would b e  advantageous t o  use  a 
three- impulse maneuver i n s t e a d ,  
on t h e  i n i t i a l  o r b i t ,  t r a n s f e r r i n g  t h e  v e h i c l e  t o  an e l l i p t i c  o r b i t  whose 
apocen te r  i s  above t h e  c i r c u l a r  o r b i t .  
The f i r s t  impulse i s  app l i ed  t a n g e n t i a l l y  
A t  t h e  apocenter  of  t h e  e l l i p t i c  
o r b i t ,  t h e  second impulse i s  appl ied i n  such a way as t o  r o t a t e  t h e  p l a n e  
of t h e  e l l i p t i c  o r b i t  t o  t h e  des i r ed  f i n a l  p l ane ,  without  changing i t s  
shape. This second e l l i p t i c  o r b i t  w i l l  have i t s  p e r i c e n t e r  t angen t  t o  
t h e  d e s i r e d  f i n a l  c i r c u l a r  o r b i t .  This p e r i c e n t e r  i s  t h e  p o i n t  of a p p l i -  
c a t i o n  f o r  t h e  f i n a l  impulse. Rider (121) showed t h a t  t h i s  three-impulse 
maneuver i s  b e t t e r  t han  t h e  s ingle- impulse maneuver i f  i t  i s  d e s i r e d  t o  
change t h e  o r b i t  p l a n e  by 49O o r  more. The m a x i m u m  sav ing  i s  about 43% 
i n  c h a r a c t e r i s t i c  v e l o c i t y  i f  t h e  plane-change i s  90'. 
Edelbaum (33) showed t h a t  i t  was b e t t e r  t o  do some of t h e  plane- 
change a t  each impulse, r a t h e r  than doing i t  a l l  w i t h  t h e  second. 
t h i s  i s  done, t h e  three- impulse maneuver becomes t h e  optimum f o r  a l l  
plane-change ang le s ,  though t h e  saving f o r  a n g l e s  less t h a n  about 50' 
i s  modest. 
as g iven  by Edelbaum (34, 37) i s  shown i n  F i g u r e  2.3.1-1. 
I f  
The comparison between one-impulse and three- impulse maneuvers 
1 n . F i g u r e  2.3.1-1, V i s  t h e  c i r c u l a r  o r b i t  v e l o c i t y  (dependent 
0 
on t h e  c e n t r a l  body and ro), AV i s  t h e  r e q u i r e d  c h a r a c t e r i s t i c  v e l o c i t y  
f o r  t h e  maneuver, i i s  t h e  plane-change d e s i r e d ,  r i s  t h e  apocenter  of 
t h e  opt imal  t r a n s f e r  e l l ipse ,  and r i s  t h e  r a d i u s  of t h e  c i r c u l a r  o r b i t .  
As t h e  plane-change a n g l e  i n c r e a s e s ,  so does t h e  apocenter  of t h e  i n t e r -  
med ia t e  e l l i p s e s .  
beyond t h a t  p o i n t ,  a l l  t r a n s f e r s  a r e  v i a  i n f i n i t y .  No t i ce  t h a t  f o r  
l a r g e  plane-changes, t h e  three-impulse maneuver becomes far  b e t t e r  t han  
t h e  one-impulse. 
a 
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FIGURE 2.3.1-1. CHARACTERISTIC VELOCITY PZQTJIRED FOR 
CIRCULAR-ORBIT PLANE CHANGE 
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Wallner and C a m i e l  (146) a l s o  cons idered  t h e  plane-change 
problem i n  some d e t a i l .  I n  a l a t e r  paper ,  Rider (123) cons idered  a 
more g e n e r a l  problem: changing the p l ane  and a l s o  t h e  r a d i u s  o f  a 
c i r c u l a r  o r b i t .  He considered four types  of t r a n s f e r s :  (a) a Hohmann 
t r a n s f e r  wi th  a l l  t h e  plane-change performed a t  th.e o u t e r  o r b i t ;  (b) 
a Hohmann t r a n s f e r  w i t h  p a r t  of t he  plane-change a t  each impulse;  (c) 
a b i - e l l i p t i c  t r a n s f e r  (apocenter  o u t s i d e  t h e  ou te r  o r b i t )  w i t h  a l l  
t h e  plane-change a t  apoapse; (d) a b i - e l l i p t i c  t r a n s f e r  w i th  p a r t  of  
t h e  plane-change performed wi th  each impulse,  
This  problem can be  completely descr ibed  by two parameters  : 
t h e  ang le  of t h e  p lane  change and t h e  r a t i o  of  t h e  i n i t i a l  and f i n a l  
r a d i u s .  Rider (123) compares these  types  of t r a n s f e r s  throughout  t h e  
range  o f  p o s s i b l e  parameters ,  and shows t h e  parameter  r eg ions  w i t h i n  
which the v a r i o u s  types  are t h e  m o s t  advantageous. 
Baker ( 6 )  considered t h e  same problem in t roduc ing ,  i n  a d d i t i o n ,  
c o n s i d e r a t i o n  of t h e  t i m e  r equ i r ed  f o r  t h e  maneuver and t h e  phasing o r  
rendezvous a spec t s .  
I n  a r e c e n t  paper ,  Roth (128) s t u d i e d  t h e  same problem, from 
about  t h e  same p o i n t  of view, b u t  w i th  a d d i t i o n a l  a n a l y s i s  o f  t h e  mini- 
miza t ion  problems involved. Hoelker and S i l b e r  (55) gave a r a t h e r  
d e t a i l e d  a n a l y s i s  of a p a r t i c u l a r  problem of t h i s  class: t r a n s f e r  from 
a low, non-equator ia l  parking o r b i t  t o  an  e q u a t o r i a l  24-hour o r b i t .  
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2.3.2.  Trans fe r s  Between Non-Coplanar E l l i p t i c  O r b i t s  
S ince  t h e s e  maneuvers can always b e  accomplished w i t h  two impulses ,  
i t  i s  n a t u r a l  t h a t  a s u b s t a n t i a l  amount of work has  been done on a two-impulse 
bas i s .  The t h e o r e t i c a l  work o f  Eckel (31) and o f  L e e  (84) assumes t h a t  two 
and on ly  two impulses w i l l  b e  used. Eckel (31) develops and ana lyzes  nec- 
e s s a r y  cond i t ions ,  somewhat i n  the s p i r i t  of  Lawden (83) , and reduces t h e  
problem t o  t h a t  of  so lv ing  t h r e e  a lgeb ra i c  equat ions  i n  t h r e e  unknowns. 
Lee (84) starts from a terminal- to- terminal  problem, and d e r i v e s  r e s u l t s  
f o r  t h e  t r a n s f e r  case. 
Numerical i n v e s t i g a t i o n s  of t h e  same problem have been macie b y  
McCue (97) , McCue and Hoy (98), and McCue and Bender (99). They u s e  a n  
a d a p t i v e  s t eepes t -descen t  procedure, and show t h a t  t h e  func t ions  t o  b e  
minimized have r a t h e r  complex behavior i nvo lv ing  m u l t i p l e  minima. 
d e n t a l l y ,  they show numer ica l ly  t h a t  two-impulse maneuvers are b e t t e r  
than  t h e  "Lawden s p i r a l "  i n  terms of  f u e l  used. 
I n c i -  
Three-impulse maneuvers have been s t u d i e d  a n a l y t i c a l l y  by H i l l e r  
(53, 54)  and by N i e m e i e r  (112).  Hi l le r  (53 , 54) assumes t h e  s t r u c t u r e  of  
two- and three- impulse maneuvers and opt imizes  w i t h i n  t h a t  s t r u c t u r e .  
f i n d s  t h a t  two-impulse, f i n i t e  three- impulse and t r a n s f e r s  v ia  i n f i n i t y  a l l  
have their  r eg ions  of  op t ima l i ty .  While he  does n o t  p o i n t  i t  o u t  e x p l i c i t l y ,  
h i s  d a t a  appear t o  show t h a t  i n  some cases  t h e  f i n i t e  three- impulse and i n f i n i t y  
maneuvers o f f e r  s u b s t a n t i a l  f u e l  savings over  the two-impulse, perhaps amounting 
t o  50%. 
H e  
Niemcier (112) s t u d i e s  the problem of  changing t h e  p l ane  of an 
e l l i p t i c  o r b i t  of  a r b i t r a r y  o r i en ta t ion .  He assumes a c e r t a i n  three- impulse 
maneuver: (a) a t  apocenter  of  t h e  o r i g i n a l  o r b i t ,  i n c r e a s e  v e l o c i t y  t o  
c i r c u l a r  vi.a a h o r i z o n t a l  impulse;  (b) when t h e  r e s u l t i n g  c i r c u l a r  o r b i t  
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c r o s s e s  t h e  l i n e  of i n t e r s e c t i o n  between t h e  i n i t i a l  p l a n e  and t h e  d e s i r e d  
f i n a l  p l ane ,  make t h e  e n t i r e  plane-change w i t h  one impulse e s t a b l i s h i n g  a 
c i r c u l a r  o r b i t  i n  t h e  desir 'ed f i n a l  p l ane ;  (c) when t h e  v e h i c l e  r eaches  
t h e  apocenter  o f  t h e  d e s i r e d  f i n a l  o r b i t ,  a l o c a l  h o r i z o n t a l  r e t r o  impulse 
w i l l  t r a n s f e r  t o  t h e  d e s i r e d  f i n a l  o r b i t .  
He f i n d s  t h a t  t h e  saving of t h i s  maneuver over  t h e  one-impulse 
maneuver i n c r e a s e s  w i t h  t h e  e c c e n t r i c i t y  of t h e  e l l i p s e ,  and becomes 
a r b i t r a r i l y  l a r g e  as t h e  e c c e n t r i c i t y  approaches un i ty .  
2.3.3. T rans fe r s  Involving Hyperbolic or  P a r a b o l i c  O r b i t s  
F i r s t ,  cons ide r  t h e  c a s e  where. both i n i t i a l  and f i n a l  o r b i t s  
have non-negative energy. This was d i scussed  f o r  t h e  cop lana r  case  i n  
s e c t i o n  2.1.3 and t h e  s i t u a t i o n  i s  n o t  m a t e r i a l l y  changed here .  When 
t h e  t r a j e c t o r y  goes t o  i n f i n i t y ,  any plane-change can b e  accomplished a t  
i n f i n i t e s m a l  c o s t .  I f  t h e  a t t r a c t i n g  c e n t e r  can b e  approached a r b i t r a r i l y  
c l o s e l y ,  t h e n  t h e  e n t i r e  maneuver can b e  accomplished a t  z e r o  c o s t .  I f  
the a t t r a c t i n g  c e n t e r  cannot be approached c l o s e l y ,  t h e  c o s t  of  t r a n s f e r  
w i l l  b e  t h e  same as i n  t h e  coplanar  case, s i n c e  t h e  plane-change i s  f r e e .  
If i t  i s  no t  p o s s i b l e  t o  go t o  i n f i n i t y  t o  perform t h e  maneuver, t h e  
plane-change imposes an a d d i t i o n a l  pena l ty .  
There remains t h e  problem of t r a n s f e r r i n g  between an e l l i p t i c  
and a p a r a b o l i c  o r  h y p e r b o l i c  o r b i t .  Again, as i n  sec t iGn  2.1.3, i f  t h e  
a t t r a c t i n g  c e n t e r  can b e  c l o s e l y  appsoached, any e l l i p s e - t o - h y p e r b o l a  
t r a n s f e r  can b e  accomplished f o r  only the amount o f  f u e l  r e q u i r e d  t o  
escape from t h e  p e r i c e n t e r  of  t h e  e l l i p s e .  
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Somewhat more p r a c t i c a l  maneuvers have been cons idered  by 
Deerwester, McLaughlin and Wolfe (25) and by Gunther (51), wi thout  t h e  
c l a i m  t h a t  t h e i r  maneuvers a r e  abso lu te ly  opt imal  i n  any p a r t i c u l a r  sense.  
Both cons ide r  c i r c l e - to -hype rbo la  t r a n s f e r  by e i t h e r  one- o r  two-impulse 
maneuvers and compare t h e  f u e l  requirements  of  t h e  va r ious  modes. I n  
some cases, t h e  two-impulse requirements  are s u b s t a n t i a l l y  less  than  
t h e  one-impulse. 
_IC 2.3.4. Problems Involving Fixed Terminals 
It i s  p o s s i b l e  t o  d e f i n e  t e rmina l s  i n  t h e  non-coplanar case 
i n  a manner similar t o  those  def ined i n  s e c t i o n  2.1..4. Altman and 
P i s t i n e r  (2) and Lee (84)  have s tud ied  t h e  problem o f  minimum-fuel two- 
impulse t ime-f ree  t r a n s f e r s  between two terminals which are completely 
s p e c i f i e d  i n  terms of  p o s i t i o n  and v e l o c i t y .  The s o l u t i o n  h inges  on 
t h e  s tudy  of  an e ighth-degree  polynomial. The r e p o r t  by C o l l i n s  and 
Wallace (22) i s  a n  example of  a numerical  approach t o  t h i s  type  of 
p r ob 1 em. 
The problem of  t r a n s f e r r i n g  from a f i x e d  t e rmina l  ( p o s i t i o n  
and v e l o c i t y  given) t o  a c i r c u l a r  o r b i t  i s  cons idered  by Cars tens  and 
Edelbaum (20). They assumed that  two impulses  would be used, and mini-  
mized t h e  f u e l  requirements  w i th in  t h a t  framework. They were concerned 
w i t h  launching 2. s a t e l l i t e  t n t o  a c i r c u l a r  o r b i t  from a p o i n t  on t h e  
E a r t h ' s  su r f ace .  The launch poin t  d i d  no t  l i e  i n  the p lane  of t h e  
d e s i r e d  o r b i t .  
Fimple (42 )  g i v e s  some r e s u l t s  which, though no t  s t r i c t l y  
opt imal ,  are very  sugges t ive  o f  the p o s s i b i l i t i e s  t h a t  are o f f e r e d  by 
mul t ip le - impulse  mamuvers H e  cons iders  t h e  problem of  a p l a n e t a r y  
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probe. 
given) ,  t h e  problem i s  t o  i n t e r c e p t  another  p l a n e t  ( f i n a l  p o s i t i o n  g iven  
b u t  t h e  v e l o c i t y  i s  f r e e ) .  
i f  t h e  o r b i t  of t h e  t a r g e t  p l a n e t  does n o t  l i e  i n  t h e  e c l i p t i c ,  the one- 
impulse f u e l  requirements  become l a r g e  i n  some cases .  
contours  f o r  one-impulse t r a j e c t o r i e s  i n  t h e  launch d a t e - t r i p  t i m e  p l ane  as 
i n d i c a t e d  i n  F igu re  2.3.4-1. These r e s u l t s  are f o r  an Earth-Mars t r a n s f e r ,  
and t h e  c h a r a c t e r i s t i c  v e l o c i t y  has been normalized a g a i n s t  t h e  Earth's 
mean o r b i t a l  speed (EMOS), 97,700 fps .  
Leaving t h e  E a r t h ' s  sphere of  i n f l u e n c e  ( p o s i t i o n  and v e l o c i t y  
This  can always b e  done w i t h  one impulse,  b u t ,  
Fimple g i v e s  v e l o c i t y  
Not ice  t h e  very  h igh  and steep r i d g e  running d i agona l ly  through 
t h e  f i g u r e .  This  r i d g e  i s  a common f e a t u r e  of  p l o t s  of  t h i s  s o r t .  These 
contours  are p l o t t e d  on t h e  b a s i s  of f ixed- t ime t r a j e c t o r i e s ,  which w i l l  
b e  t r e a t e d  f u r t h e r  i n  t h e  next  s ec t ion .  
i nvo lve  a f ixed-t ime,  s o  the procedure would b e  t o  s e l e c t  a launch d a t e ,  
t hen  sea rch  a long  t h e  ver t ical  l i n e  through that launch d a t e  f o r  t h e  t r i p  
t i m e  which minimizes the f u e l  requi red .  
The o r i g i n a l  problem d i d  n o t  
To i l l u s t r a t e  t h e  behavior o f  t h i s  r i dge ,  Fimple chooses t o  
d i s p l a y  a c u t  through the s u r f a c e  along a l i n e  of c o n s t a n t  t r i p  t i m e  of  
300 days. This  i s  shown i n  F igure  2.3.4-2.  
I f  an a d d i t i o n a l  impulse dur ing  midcourse i s  allowed, t h e  r i d g e  
can b e  e l imina ted  completely.  
be  a f f i rmed as t h e  a b s o l u t e  optimum one, b u t  i t  i s  a t  least  i l l u s t r a t i v e .  
Note t h e  i n t e r e s t i n g  s i m i l a r i t y  between t h i s  f i g u r e  and one of  P r u s s i n g ' s  
(F igure  2.2.2.-1) 
The midcourse i m p u l s e  used by Fimple cannot  
I f  e i t h e r  one- o r  two-impulse maneuvers i s  al lowed,  whichever 
i s  b e t t e r ,  then t h e  contours  o f  F igure  2.3.4-1 change i n t o  those  of  
F i g u r e  2.3.4-3. 






FIGURE 2.3.4-1.  ONE-IPPULSE EARTH-MARS TRAKSFERS 
FIGURE 2.3.4-2.  CHARACTERISTIC VELOCITY FOR ONE- AND TWO- 
IMPULSE EARTH-PMS TRANSFERS ( 3 0 0  DAY TRIP)  
FIGUXE 2 . 3 . 4 - 3 .  CONTOURS OF CONSTANT LV, 
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U S I N G  EITHER 
54 
. 
Not ice  t h a t  the r i d g e  i s  now gone and t h e  launch oppor tun i ty  i s  
widened. I n  t h e  shaded area, two-impulse maneuvers are b e t t e r ,  and i n  t h e  
unshaded reg ion ,  t h e  one-impulse maneuver i s  b e t t e r ,  
This  i s  a very  common s i t u a t i o n  i n  mis s ion  a n a l y s i s ,  and t h e s e  
r e s u l t s  sugges t  t h a t  mult iple- impulse t r a j e c t o r i e s  may have cons ide rab le  
p r a c t i c a l  s i g n i f i c a n c e .  Not ice  t h a t ,  i n  t h i s  example, t h e  minimum 
c h a r a c t e r i s t i c  v e l o c i t y  t r a j e c t o r y  has  a c h a r a c t e r i s t i c  v e l o c i t y  of 0.119 
EMOS whether t h e  two-impulse maneuver i s  allowed o r  no t .  The a b s o l u t e  
minimum-fuel requirement has  no t  been decreased.  However, t h e r e  i s  a 
ve ry  c o n s i d e r a b l e  secondary b e n e f i t  i n  widening t h e  oppor tuni ty .  
2.4. Non-Coplanar Rendezvous 
Consider f i r s t .  t h e  problem of  t ime- f r ee  rendezvous. J u s t  as 
i n  t h e  coplanar  case, t h i s  can be accomplished w i t h  t h e  same f u e l  as a 
t r a n s f e r ,  i f  t h e  t i m e  i s  no t  r e s t r i c t e d .  
The f ixed-t ime case  i s  more d i f f i c u l t  and a t  t h e  same t i m e  more 
u s e f u l o  I f  t h e  t i m e  of t h e  t r a j e c t o r y  i s  f i x e d ,  t h e  problem involves  a 
fTxed-time t r a n s f e r  between non-coplanar t e rmina l s  ( p o s i t i o n  and v e l o c i t y  
completely s p e c i f i e d  a t  each end). 
accomplished wi th  two impulses. 
j e c t o r y  i s  uniquely  determined by t h e  boundary cond i t ions  and t h e r e  i s  
no op t imiza t ion  problem involved. 
I n  gene ra l ,  t h i s  maneuver can b e  
I f  only two impulses  are used, t h e  tra- 
C a l c u l a t i o n  of  t h e s e  unique two-im~u1.se rendezvous t r a j e c t o r i e s  
has  played an important  r o l e  i n  i n t e r p l a n e t a r y  miss ion  ana lyses .  Seve ra l  
s t u d i e s  a l r eady  mentioned have macle u s e  of  t h i s  s o r t  of computation as 
p a r t  o f  a l a r g e r  s tudy (22, 4 2 ) .  Many o t h e r s  could be mentioned, f o r  
I 
example, Breakwell ,  G i l l e s p i e  and Ross (12), Lee and Wilson (85), T i m  (140) ,  
and Manning (92) .  There are many o the r  s imi la r  s t u d i e s  which could b e  
mentioned. 
These s t u d i e s  make u s e  of t h e  minimal number of  impulses r equ i r ed  
t o  do t h e  miss ion ,  and s p e c i f y  enough boundary c o n d i t i o n s  on t h e  h e l i o c e n t r i c  
t r a j e c t o r i e s  s o  t h a t  they are uniquely determined. 
from surveying t h e  t o t a l i t y  of  s o l u t i o n s  f o r  a l l  p o s s i b l e  f l i g h t  t i m e s ,  and 
s e l e c t i n g  t h e  one which r e q u i r e s  l e a s t  f u e l .  
The op t imiza t ion  comes 
S ince  mult iple- impulse t r a j e c t o r i e s  are  a r b i t r a r i l y  excluded, i t  
may b e  ques t ioned  whether t h e  t r a j e c t o r i e s  de r ived  by t h e  above process  are 
t h e  t r u e  optima, 
t o o l s  f o r  f ind ing  t h e  answer seem t o  b e  a v a i l a b l e .  It would b e  necessary  
This  ques t ion  has n o t  been answered as y e t ,  though t h e  
t o  f i n d  t h e  t r u e  optima and compare them with t h e  two-impulse optima o r  
one-impulse optima determined by the usua l  approach. 
Lawden's gene ra l  t heo ry  (83) i s  c e r t a i n l y  a p p l i c a b l e  h e r e ,  b u t  
no comprehensive a p p l i c a t i o n  of  i t  seems t o  have been made. 
Handelsman (90) have taken a somewhat d i f f e r e n t  approach t o  t h e  problem. 
They cons ide r  s m a l l  p e r t u r b a t i o n s  of some non-optimum impulsive t r a j e c t o r y  
and develop necessary  cond i t ions  fo r  t h e  a d d i t i o n  of another  impulse. 
Lion and 
I f  one of t h e s e  n o r e  comprehensive methods i s  used,  i t  may b e  
found t h a t  t h e  a b s o l u t e  minimum fue l  requirement  i s  n o t  decreased much 
compared t o  t h e  u s u a l  one- o r  two-impulse s o l u t i o n s .  It seems p o s s i b l e  
t h a t  t hose  mlss ions  which have been ex tens ive ly  s t u d i e d  are r a t h e r  well 
opt imized a t  p re sen t .  
Primary b e n e f i t s  of  t h e  v a r i a t i o n a l  m u l t i p l e  i m p u l s e  r e s u l t s  





















o p p o r t u n i t i e s ) ;  (b) op t imiz ing  t h e  more complex maneuvers which have n o t  
r ece ived  much a t t e n t i o n .  
Apparently,  the only a c t u a l  r e s u l t s  bea r ing  on t h i s  ques t ion  
are those  of Fimple (42) and Pruss ing  (119), c i t e d  ear l ier .  Both are 
l i m i t e d  i n  some re spec t s .  P russ ing ' s  work i s  s ing le -p lane  and l i n e a r i z e d ;  
however, w i t h i n  t h e s e  l i m i t s ,  t h e  opt imiza t ion  i s  complete. Fimple 's  work 
i s  only  sub-optimal. S t i l l ,  perhaps t h e s e  s t u d i e s  g i v e  some i n d i c a t i o n  of  
what may b e  expected i n  t h e  genera l  case, 
2.5. Maneuvers Involving Neighboring O r b i t s  
I f  t h e  i n i t i a l ,  f i n a l  and t r a n s f e r  o r b i t s  a l l  l i e  c l o s e  t o  one 
ano the r ,  i t  i s  f r e q u e n t l y  p o s s i b l e  t o  l i n e a r i z e  t h e  problem about  one o f  
t h e  o r b i t s .  Then, t h e  ex tens ive  theory of l i n e a r  systems may b e  used t o  
o b t a i n  r e s u l t s  much more complete than i s  p o s s i b l e  i n  t h e  g e n e r a l  non l inea r  
caseo 
I n  t h i s  event ,  t h e  d i s t i n c t i o n  between coplanar  and non-coplanar 
probl.ems i s  a r a t h e r  minor one. It i s  no t  much more d i f f i c u l t  t o  do t h i s  
l i n e a r i z a t i o n  i n  t h r e e  dimensions than  i t  i s  i n  two. 
Edelbaum (33) g ives  a n  i n t e r e s t i n g  se t  of formulas  f o r  t h e  
minimal c h a r a c t e r i s t i c  v e l o c i t y  requi red  t o  change each of t h e  elements  
of a n e a r l y  c i r c u l a r  o r b i t .  Lawden and Long (79) cons ider  the  problem 
of  op t ima l ly  c o r r e c t i n g  an i n t e r p l a n e t a r y  t r a j e c t o r y  which has d e v i a t e d  
from t h e  nominal. The c o r r e c t i o n  i s  made i n  such a way as t o  i n t e r c e p t  
the t a r g e t  p l a n e t ,  though perhaps a t  a d i f f e r e n t  p o i n t  from t h e  nominal 
i n t e r c e p t ,  R iba r i ch  and hleredith (120) cons ider  a more complicated 
problem of  t h e  same types where the re  may be  a number of c o n s t r a i n t s  on 
t h e  terminus of t h e  t r a j e c t o r y ,  
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Koenke (69) f i n d s  t h e  fuel-opt imal  two-impulse t r a n s f e r  between 
two neighbor ing  c i r c u l a r  o r b i t s  under t h e  requireinent t h a t  t h e  t r a n s f e r  
o r b i t  subtend a f i x e d  angle’ a t  t h e  a t t r a c t i n g  c e n t e r o  
i n v e s t i g a t i o n s  of  t h e  range of  v a l i d i t y  o f  t h e  l i n e a r  r e s u l t s .  
He a l s o  made numerical  
Eggleston (38) considered t r a n s f e r  from a t e rmina l  ( p o s i t i o n  and 
The i n i t i a l  v e l o c i t y  v e c t o r  l i e s  
H e  c a l c u l a t e d  
v e l o c i t y  s p e c i f i e d )  t o  a c i r c u l a r  o r b i t .  
i n  t h e  p l a n e  of t h e  o r b i t ,  so  that  the problem i s  coplanar .  
t h e  minimum f u e l  r equ i r ed  t o  rendezvous wi th  a v e h i c l e  i n  t h e  c i r c u l a r  o r b i t ,  
I n  a later s tudy ,  Eggleston (39) considered t h e  problem i n  t h r e e  dimensions 
and cons idered  the i n t e r c e p t  problem as well. Hornby (58) cons idered  a 
s i m i l a r  problem, except  t h a t  h e  also s t u d i e s  t h e  case where t h e  o r b i t  i s  
no t  c i r c u l a r .  Houboult (62) g ives  an  i n t r o d u c t i o n  t o  rendezvous and surveys 
much of t h e  ea r l i e r  work i n  t h e  rendezvous problem, 
Two r e c e n t  papers  by Marec (96) and Edelbaum (36) g i v e  thorough 
t r ea tmen t s  of  t h e  problem o f  t r a n s f e r  between two neighboring q u a s i - c i r c u l a r  
o r b i t s  when t h e  t i m e  i s  free. While t h e  methods of  t h e  two d i f f e r  i n  many 
d e t a i l s ,  bo th  u s e  a v e r s i o n  of the Contensou formula t ion ,  and bo th  au tho r s  
show t h a t  the t r a n s f e r  can always be  done op t ima l ly  wi th  two impulses ,  
The more gene ra l  l i n e a r i z e d  t rea tment  of  Neustadt  (109) has  
a l r e a d y  been mentioned. H e  cons iders  an a r b i t r a r y  problem ( t ime- f r ee  o r  
not)  s u b j e c t  on ly  t o  t h e  requirement t h a t  t h e  equat ions  o f  motion can be  
l i n e a r i z e d .  Perhaps t h e  most s i g n i f i c a n t  r e s u l t  de r ived  from t h i s  s tudy  
i s  t h e  f a c t  t h a t  t h e  number of impulses r equ i r ed  may b e  as l a r g e  as t h e  number 
of f i n a l  parameters  which a r e  spec i f i ed .  
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2.6. P e n a l t y  Due t o  F i n i t e  Thrust  
Impulsive t h r u s t  .is an  i d e a l i z a t i o n .  Since i t  cannot b e  achieved 
p r e c i s e l y  i n  p r a c t i c e ,  i t  i s  use fu l  t o  cons ide r  t h e  p e n a l t y  f o r  u s ing  a 
f i n i t e  b u t  reasonably l a r g e  t h r u s t .  More s p e c i f i c a l l y ,  t h e  problem i s  t h a t  
of determining how much more c h a r a c t e r i s t i c  v e l o c i t y  i s  r e q u i r e d  on a f i n i t e -  
t h r u s t  maneuver than  on an impulsive one. 
Seve ra l  au tho r s  have s tudied o r  commented on t h i s  ques t ion ,  and 
all a g r e e  t h a t ,  f o r  t h r u s t  l e v e l s  c o n s i s t e n t  w i t h  chemical r o c k e t  p ropu l s ion ,  
t h e  excess  c h a r a c t e r i s t i c  v e l o c i t y  i s  extremely small. Typical  c a l c u l a t i o n s  
-4, s h u w  i r a c t i v n s  i i k e  1 0  L. I n  view of t h i s ,  i s t e r e s t  i n  t h i s  qi ies t ion has 
n o t  been e s p e c i a l l y  high. 
Lawden (77) , Wang (147), and Robbins (127) , g i v e  estimates based 
on an  approximate c o n s i d e r a t i o n  of t h e  v a r i a t i o n a l  problem posed by f i n i t e  
t h r u s t .  Marchal (95) g i v e s  an order-of-magnitude estimate a l s o ,  b u t  does 
n o t  s ta te  how i t  was obtained.  N u m e r i c a l  i n v e s t i g a t i o n s  were c a r r i e d  o u t  
by J u r o v i c s  (64) , McCue (102) , and W i l l i s  (151). I n  t h e  f i r s t  two s t u d i e s ,  
op t ima l  impulsive s o l u t i o n s  are compared w i t h  optimum f i n i t e  t h r u s t  s o l u t i o n s ,  
and t h e  d i f f e r e n c e s  i n  f u e l  used a r e  ve ry  small .  I n  any event ,  i t  seems w e l l -  
e s t a b l i s h e d  t h a t  t h e  impulsive approximation g i v e s  an  e x c e l l e n t  estimate of 
t h e  r e q u i r e d  c h a r a c t e r i s t i c  v e l o c i t y  under o rd ina ry  circumstances f o r  chemical 











3.0. MULTIPLE ATTRACTING CENTERS 
3.1. Two A t t r a c t i n g  Centers  
Perhaps t h e  s i m p l e s t  g e n e r a l i z a t i o n  o f  t h e  problem considered 
i s  t h a t  of a v e h i c l e  of n e g l i i i b l e  mass moving under t h e  i n  s e c t i o n  2.0 
i n f l u e n c e  of two a t t r a c t i n g  cen te r s .  
examples. 
ject  has  r ece ived  l i t t l e  t h e o r e t i c a l  a t t e n t i o n .  Vargo (143) pub l i shed  a 
q u a l i t a t i v e  r e s u l t  on t h e  b e s t  p l ace  t o  apply impulses t o  i n c r e a s e  t h e  
v a l u e  of J a c o b i ' s  i n t e g r a l .  McCue and Bender (101) g i v e  a numerical  
method f o r  s o l v i n g  t h e  terminal- to- terminal  problem ( p o s i t i o n  given)  
when t h e  t i m e  o f  f l i g h t  i s  f i x e d .  
v a l u e  problem whose s o l u t i o n s  e i t h e r  do n o t  e x i s t  o r  are unique. 
i s  no q u e s t i o n  o f  opt imizat ion.  However, such a computat ional  t o o l  
could no doubt b e  used i n  op t imiza t ion  s t u d i e s  i n  a manner analogous 
t o  t h e  way t e rmina l - to - t e rmina l  f ixed t i m e  t r a n s f e r s  are used i n  i n t e r -  
p l a n e t a r y  o p t i m i z a t i o n  work. 
Lunar v e h i c l e s  and s o l a r  probes are 
Judging from t h e  number of publ ished pape r s ,  however, t h i s  sub- 
This i s  simply a two-point boundary 
There 
3.2, Three A t t r a c t i n g  Cen te r s  
Most i n t e r p l a n e t a r y  problems f a l l  i n t o  t h i s  ca t egory ,  and t h e s e  
have been r e c e i v i n g  a g r e a t  d e a l  of  a t t e n t i o n  du r ing  t h e  p a s t  s e v e r a l  yea r s .  
The t h r e e  bodies  involved are t h e  d e p a r t u r e  p l a n e t  (Ea r th  i n  most c a s e s ) ,  
t h e  Sun, and t h e  t a r g e t  p l a n e t .  
The problem of opt imal ly  t r a n s f e r r i n g  from a c i r c u l a r  o r b i t  
around one p l a n e t  t o  a c i r c u l a r  o r b i t  around ano the r  p l a n e t  was considered 
from t h e  v a r i a t i o n a l  p o i n t  of view by Lawden (75, 76) more than  a decade 







B e n e f i t s  are observed i n  some cases  and n o t  i n  o t h e r s ,  b u t  t h e  p i c t u r e  i s  
f a r  from compl.ete, I n  view of the g r e a t  i n t e r e s t  i n  and c o s t  f o r  so lv ing  
i n t e r p l a n e t a r y  problems, i t  seems reasonab le  t h a t  t r u l y  opt imal  t r a j e c t o r i e s  
should b e  invest igated. .  
These t r a j e c t o r i e s  a re  now s t u d i e d  t y p i c a l l y  by means of a 
patched-conic method. I n  o t h e r  words, a t  any g i v e n  t i m e ,  t h e  v e h i c l e  i s  
assumed t o  b e  under t h e  i n f l u e n c e  of only one a t t r a c t i n g  c e n t e r ,  so  t h a t  
t h e  t r a j e c t o r y  i s  a conic  s e c t i o n o  These con ic  t r a j e c t o r i e s  are then patched 
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of the (two) impulses and then  constructed s o l u t i o n s  which s a t i s f i e d  t h e  
t h e  necessa ry  cond i t ions ,  I n  t h e  p rocess  of t h i s  c o n s t r u c t i o n ,  h e  made 
u s e  of what w e  now ca l l  "patched conic'' o r  "sphere o f  in f luence"  i d e a s  
i n  o r d e r  t o  g e t  closed-form expressions f o r  t h e  t r a j e c t o r y  and t h e  a s s o c i -  
a t e d  Lagrange m u l t i p l i e r s .  
boundary v a l u e  problems were circumvented, 
I n  t h i s  way, t h e  u s u a l  d i f f i c u l t i e s  of two-point 
Desp i t e  t h e s e  l i m i t a t i o n s ,  t h e  t r ea tmen t  w a s  a t  l eas t  a v a r i a t i o n a l  
one, and as such, p o t e n t i a l l y  more powerful t h a n  t h e  methods which are now 
i n  common use. It i s  no t  c lear  t o  t h e  au tho r  why i n t e r e s t  i n  t h i s  approach 
d i d  n o t  cont inue.  Since Lawden's o r i g i n a l  i n v e s t i g a t i o n s ,  t h e r e  has  been 
g r e a t  p rog res s  i n  both t h e  theory and computation of v a r i a t i o n a l  problems. 
I n  view of t h i s ,  i t  seems a p p r o p r i a t e  t o  r e v i v e  t h e  s e a r c h  f o r  a b s o l u t e  
optima i n  i n t e r p l a n e t a r y  problems, The p r i n c i p a l  b e n e f i t  of t h i s  approach 
would probably l i e  i n  t h e  discovery of t r a j e c t o r i e s  u s ing  more impulses t h a n  
are now fashionable .  
While no a b s o l u t e  optima are known f o r  i n t e r p l a n e t a r y  t r a j e c t o r i e s ,  
a s m a l l  number o f  s t u d i e s  have considered t h e  u s e  o f  a d d i t i o n a l  impulses 
in t roduced  a t  reasonable ,  though not n e c e s s a r i l y  op t ima l ,  places (29,> 42, 5 7 ) .  
.. 
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t o g e t h e r  a t  somewhat a r b i t r a r y  po in t s  where t h e  v e h i c l e  i s  assumed t o  pass  
from the i n f l u e n c e  of one body t o  t h e  i n f l u e n c e  of ano the r .  The p o i n t  of 
a p p l i c a t i o n  of  a p p l i e d  impulses i s  u s u a l l y  s e l e c t e d  i n  advance, as i s  t h e  
number o f  impulses t o  b e  used. 
free t o  b e  s e l e c t e d ,  and t h e s e  a r e  u s u a l l y  explored i n  some sys t ema t i c  
f a s h i o n  t o  f i n d  t h e  b e s t  ( u s u a l l y  minimum-fuel) combination, w i t h i n  t h e  
framework assumed. A g r e a t  amount o f  work has  been done along t h e s e  l i n e s .  
Examples i n c l u d e  (12, 85, 92, 140, and 136)- 
Only a s m a l l  number o f  parameters  are l e f t  
This  i s  c l e a r l y  n o t  a n  unreasonable process .  For some purposes, 
i t  i s  e n t i r e l y  adequate,  Unfortunately,  t h e  framework i s  too  r i g i d ,  
Optimizat ion s t u d i e s  performed i n  t h i s  manner can b e  c a r r i e d  o u t  w i t h  
r e s p e c t  t o  on ly  a s m a l l  number of parameters.  Such an  i n v e s t i g a t i o n  
probably would no t  b e  a b l e  t o  l o c a t e  a s ix- impulse optimum t r a j e c t o r y ,  f o r  
example. S i x  q u a n t i t i e s  would b e  necessary t o  s p e c i f y  t h e  l o c a t i o n ,  d i r e c t i o n  
and magnitude of each impulse, so  t h a t  a t o t a l  of 36  parameters  might have t o  
b e  found. 
It cannot b e  a s s e r t e d  with any confidence t h a t  t h e r e  are any 
i n t e r e s t i n g  i n t e r p l a n e t a r y  problems f o r  which t h e  optimum t r a j e c t o r y  has  
s ix  impulses. On t h e  o t h e r  hand, i t  cannot b e  a s s e r t e d  wi th  any confidence 
t h a t  t h e r e  are not .  
The q u e s t i o n  should b e  i n v e s t i g a t e d ,  and i t  appears  t h a t  a v a r i -  
a t i o n a l  approach, as pioneered by Lawden would be t h e  a p p r o p r i a t e  means, 
Hov~ever , numerical approaches would and could now (wi th  modern computers 
and techniques)  p l ay  an e s s e n t i a l  r o l e .  
. 
I '  
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3.3. Four A t t r a c t i n g  Cen te r s  
If more than  two p l a n e t s  are involved i n  a maneuver, t hen  f o u r  
Swingby t r a j e c t o r i e s  (one p l a n e t  i s  o r  more c e n t e r s  must b e  considered. 
used t o  add energy t o  a v e h i c l e  on t h e  way t o  ano the r  p l ane t )  are examples 
of t h i s  s i t u a t i o n ,  
The usua l  mode o f  a n a l y s i s  i n  t h i s  case i s  about t h e  same as t h e  
one used on th ree -cen te r  problems (see, f o r  example, 8, 41, 43, 49, 91, 
111, 136, and 1 1 7 ) .  The same o p p o r t u n i t i e s  e x i s t  f o r  s tudy ing  t h e s e  
maneuvers w i t h  v a r i a t i o n a l  methods, 
4.0. STOCHASTIC PROBLEMS: ORBIT CORRECTIONS USING MEASURENENTS 
Up t o  t h i s  po in t ,  on ly  what might b e  c a l l e d  p ropu l s ion  problems 
The amount of f u e l  t.o b e  used was a major f r a c t i o n  have been considered. 
of v e h i c l e  weight,  Fu r the r ,  i t  was assumed t h a t  p e r f e c t  i n fo ima t ion  was 
a v a i l a b l e  and t h a t  d e s i r e d  maneuvers could b e  performed exac t ly .  
s e c t i o n ,  a class of minimum-fuel problems are considered f o r  which none 
o f  t h e s e  t h i n g s  are t r u e ,  
c o r r e c t  ion.  
I n  t h i s  
These p r o b l e m  are a s s o c i a t e d  w i t h  o r b i t  
A f t e r  l a u m h ,  i t  i s  necessary,  i n  most missions,  t o  make one o r  
more c o r r e c t i o n s  of t h e  t r a j e c t o r y ,  
ments made e i t h e r  on-board o r  from t h e  Ea r th ' s  s u r f a c e .  The measurements 
are s u b j e c t  t o  random e r r o r s  a s  a r e  t h e  orb i t .  i n j ec t i . on  c o n d i t i o n s  (see 
48 f o r  an i n t r o d u c t i o n  t o  t h e  problem). 
of u s i n g  t h i s  imperfect  information t o  b r i n g  t h e  t r a j e c t o r y  w i t h i n  some 
s t a t e d  set  o f  t o l e r a n c e s  i n  such a way as t o  minimize t h e  expected (or  
average) amount of f u e l  used, Siilcc t h e  errors a r e  random, t h e  amount of 
These c o r r e c t i o n s  are based on measure- 




f u e l  needed t o  c o r r e c t  them w i l l  b e  random a l s o .  I n  g e n e r a l ,  t h e  amount 
o f  f u e l  provided may have t o  b e  s e v e r a l  t i m e s  l a r g e r  t han  t h e  average amount 
needed i n  o r d e r  t o  provide a h igh  confidence t h a t  t h e  r e q u i r e d  f u e l  w i l l  b e  
a v a i l a b l e .  
This  problem invo lves  a s t o c h a s t i c  o p t i m i z a t i o n  process.  Th i s  
has  been sepa ra t ed  i n t o  two p a r t s :  (a) an  opt imal  estimate o f  t h e  v e h i c l e  
p o s i t i o n  and v e l o c i t y  based on the  no i sy  measurements; and (b) an  op t ima l  
c o n t r o l  program based on t h i s  estimate. 
The f i r s t  problem of t h i s  t ype  was formulated by Lawden (80). 
He assumed t h a t  t h e  c o r r e c t i o n  would be by a f i n i t e  number of impulses,  
F u r t h e r ,  he assumed t h a t ,  a t  t h e  t i m e  of a p p l i c a t i o n  of each impulse, 
t h e r e  w a s  a c e r t a i n  e r r o r  i n  t h e  t r a j e c t o r y ,  and t h a t  each impulse would 
be designed t o  e l i m i n a t e  completely t h e  p r o j e c t e d  e r r o r  a t  t h e  end of t h e  
t r a j e c t o r y .  H e  a l s o  assumed that  t h e r e  would be e r r o r s  i n  execu t ion  of t h e  
d e s i r e d  impulses. 
Based on t h e s e  e r r o r  sources,  h e  found t h e  number, spacing,  
magnitude and d i r e c t i o n  of t h e  impulses which minimized t h e  t o t a l  f u e l  
used. Unfortunately,  h i s  t reatment  of  t h e  s t a t i s t i c a l  a s p e c t s  l e a v e s  
something t o  be d e s i r e d .  He g ives  no c o n s i d e r a t i o n  t o  t h e  second moments 
of any e r r o r  d i s t r i b u t i o n .  H i s  r e s u l t  i n d i c a t e s  t h a t  i f  a l l  e r r o r s  have 
z e r o  mean, then no f u e l  w i l l  b e  r equ i r ed  f o r  c o r r e c t i o n ,  no matter how 
l a r g e  t h e  v a r i a n c e s  of t h e  e r r o r s  areo 
a meaningful problem, and included most of t h e  elements which need t o  b e  
considered.  
I n  any event ,  Lawden formulated 
One of t h e  most i n t e r e s t i n g  r e s u l t s  i n  t h e  f i e l d  i s  t h a t  of 
Brea lwe l l  and S t r i e b c l  (13) e Ey using an argument based on Green's 
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theorem, they  show t h a t  t h e  fuel-opt imal  t h r u s t i n g  program i s  cont inuous 
and n o t  impulsive.  Furthermore,  t he re  a r e  pe r iods  of  ze ro  t h r u s t  near  
t h e  beginning and end of  the t r a j e c t o r y ,  s epa ra t ed  by a pe r iod  o f  non-zero 
(but  f i n i t e )  t h r u s t .  
l i t e r a t u r e  where i t  has  been shown t h a t  cont inuous t h r u s t i n g  i s  s u p e r i o r  
t o  impulsive,  o t h e r  t h i n g s  be ing  equal. Unfor tuna te ly ,  t h e  Green 's  theorem 
argument does no t  r e a d i l y  g e n e r a l i z e  t o  more complex problems than  the one 
cons idered  by Breakwell and S t r i e b e l .  
This  i s  t h e  only known i n s t a n c e  i n  the e n t i r e  space  
In a later r e p o r t  Breakwell, Rauch, and Tung (16) g i v e  a more 
comprehensive method based on opt imal  c o n t r o l  t heo ry  and Kalman f i l t e r i n g  
(27, 65, and 66) i deas ,  I n  t h e  same re fe rence  (16), the au tho r s  cons ide r  
t h e  problem of  minimizing f u e l  under t h e  requirement  t h a t  t h e  t h r u s t  b e  
impulsive,  They f i n d  t h a t ,  i f  as many as fou r  o r  f i v e  impulses are used, 
the f u e l  used approaches very  c l o s e l y  tha t  of the optimum (continuous 
t h r u s t )  case,, However, i f  only a s i n g l e  impulse i s  used, t h e  r equ i r ed  
f u e l  may approach four  o r  f i v e  times t h e  optimum. 
Yaroshevsky and Parysheva (153) cons ide r  a s imi l a r  problem except  
t h a t  t h e i r  t rea tment  of t h e  measuring-error problem i s  much more l i m i t e d  
than  Breakwell 's .  
p l a n e t ,  and s tudy  t h e  problem of co r rec t ing  t h e  p e r i c e n t e r  a l t i t u d e  and 
a l s o  t h e  problem of  c o r r e c t i n g  both t h e  p e r i c e n t e r  a l t i t u d e  and t h e  p e r i -  
c e n t e r  v e l o c i t y .  
about  f o u r  impulses does no t  save  apprec i ab le  f u e l .  
one-impulse requirements ,  bu t  t h e  four-impulse cases use  on ly  about h a l f  
the  f u e l  of t h e  two-impulse oneso 
They are concerned wi th  a hype rbo l i c  approach t o  a 
Under t h e i r  assumptions, t hey  a l s o  f i n d  t h a t  going beyond 
They d i d  n o t  c a l c u l a t e  
t h e  cont inuous (optimal) and d i s c r e t e  (sub-optimal) c o r r e c t i o n  s t r a t e g i e s  
t o  i n t e r p l a n e t a r y  guidance problems. Denham and Speyer (26) considered t h e  
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Breakwell, Tung and Smith (15) show numerical a p p l i c a t i o n  of b o t h  
c l o s e l y  r e l a t e d  problem o f  minimizing t h e  t e rmina l  m i s s  s u b j e c t  t o  a con- 
s t r a i n t  on t h e  amount of f u e l  a v a i l a b l e ,  The i r  r e s u l t s ,  however, are no t  
n e a r l y  as complete as are Breakwell 's. 
Once t h e  guidance. law has been e s t a b l i s h e d ,  i t  may b e  t e s t e d ,  
even f o r  l a r g e  p e r t u r b a t i o n s ,  using a Monte C a r l o  s imula t ion ,  as i n  
References 21 and 133. 
5.0. CONCLUSIONS 
5.1, The General Theory 
The s o l u t i o n  t o  t h e  general  problem of Lawden i s  no t  known and 
even t h e  form o f  t h e  optimum t h r u s t  program i s  n o t  known. 
i n  t h i s  area i s  c e r t a i n l y  d e s i r a b l e ,  i t  i s  perhaps no t  e s s e n t i a l  f o r  o b t a i n i n g  
t h e  r e s u l t s  o f  g r e a t e s t  p r a c t i c a l  i n t e r e s t .  
While p rogres s  
Computational approaches, based on t h e  theo ry  of R i s h e l  (124) 
and Warga (149) o r  t h e  better-known d i r e c t  method o f  Bryson (18) and 
Ke l l ey  (67) have t h e  p o t e n t i a l  of determining opt imal  s o l u t i o n s ,  r e g a r d l e s s  
of t h e  number of impulses involved. 
5.2. P r o b l e m G n v o l v i n g  a S i n g l e  A t t r a c t i n g  Center 
The theo ry  of t ime-free t r a n s f e r s  i s  n e a r l y  complete, Some d e t a i l s  
are s t i l l  l a c k i n g ,  however, i n  the non-coplanar case, 
v e r y  l i t t l e  i s  known a n a l y t i c a l l y  and most of t h e  computational work has 
involved a p r i o r i  assuinptions about t h e  number of i m p u l s e s  t o  3e used. A 
O f  t ime-f ixed problems, 
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genuine opt imal  s o l u t i o n  t o  t h e  fixed-time te rmina l - to- te rmina l  t r a n s f e r  
problem would b e  of  g r e a t  p r a c t i c a l  u t i l i t y .  It could  r e p l a c e  the usua l  
Lambert 's  methods used i n  i n t e r p l a n e t a r y  problems, The s m a l l  amount of 
evidence a v a i l a b l e  sugges t s  t h a t  t he re  are cases where m u l t i p l e  impulse 
t r a j e c t o r i e s  w i l l  save l a r g e  amounts of f u e l ,  
5.3. Problems Involv ing  Mul t ip l e  A t t r a c t i n g  Centers  
It i s  f a i r  t o  say  t h a t ,  i n  t h i s  case, t h e r e  i s  no s i n g l e  i n s t a n c e  
of  a known, demonstrable opt imal  t r a j e c t o r y .  It may b e  maintained,  and 
probably c o r r e c t l y ,  t h a t  some known t r a j e c t o r i e s  are r a t h e r  c l o s e  t o  t h e  
optimum, b u t  t h i s  cannot  be  proved. 
To g e t  some i d e a  of  t h e  o p p o r t u n i t i e s  which exist ,  i t  would b e  
use  a patched-conic approach t o  a mul t ip le - impulse  t r a j e c t o r y  u s e f u l  t o  
Suppose the problem i s  t o  go i n t o  o r b i t  around one of the o u t e r  
p l a n e t s  and i t  i s  advantageous t o  use  J u p i t e r  g r a v i t y - a s s i s t .  This  i s  a 
fou r -cen te r  problem. S t a r t i n g  from a c i r c u l a r  o r b i t  around t h e  Ear th ,  
t h e  f i r s t  t a s k  i s  t o  t r a n s f e r  t o  a hyperbo l i c  escape  o r b i t  proceeding 
toward Jup i t e r .  A three- impulse maneuver might be  op t ima l  f o r  t h i s  
purpose (32, 63), Having escaped t h e  Earth's f i e l d ,  an  e l l i p s e - t o - e l l i p s e  
t r a n s f e r  problem i s  involved which might r e q u i r e  as many as t h r e e  impulses 
(93). Arr iv ing  near  J u p i t e r  i t  w i l l  be  necessary  t o  perform a hyperbola-to- 
hyperbola  maneuver, which might take as many as fou r  impulses (95), Leaving 
J u p i t e r ,  t h e r e  i s  another  e l l i p s e - t o - e l l i p s e  t r a n s f e r  w i th  i t s  p o s s i b l e  
t h r e e  impulses (93). Ar r iv ing  at  th.e o u t e r  p l ane t ,  t h e  f i n a l  maneuver i s  
a hype rbo la - to -c i r c l e  t r a n s f e r  which might t ake  t h r e e  impulses.  P u t t i n g  
a l l  these toge the r ,  as many a s  s i x t e e n  impulses could  be  involved. This ,  
of  course ,  omits  t h e  s m a l l  c o r r e c t i v e  impulses which would doub t l e s s  be  
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r e q u i r e d  p r i o r  t o  the approach t o  J u p i t e r  and p r i o r  t o  t h e  approach t o  the 
t a r g e t  p l a n e t .  It might b e  p r a c t i c a l l y  necessary  t o  c o n t r o l  o t h e r  a s p e c t s  
of t h e  t r a j e c t o r y  such 2s  a r r i v a l  speed o r  a r r i v a l  t h e .  This  might r eq i i l r e  
even more impulses.  
While i t  i s  most un l ike ly  t h a t  t h e r e  a c t u a l l y  are s ixteen-impulse 
opt imal  t r a j e c t o r i e s ,  perhaps t h i s  example i n d i c a t e s  t h e  dangers  of going 
too f a r  w i t h  t h e  patched-conic idea. 
some m e r i t  i n  looking  f o r  op t imal  t r a j e c t o r i e s  w i t h  numbers of  impulses  
somewhat larger than  now used. 
It a l s o  sugges t s  t h a t  t h e r e  might  b e  
A t  p re sen t ,  it appears  t h a t  t h i s  search would have t o  b e  done 
numerical ly ,  The promising computational i d e a s  were mentioned above. 
E a t u r a l l y ,  i t  would b e  b e s t  t o  s t a r t  with the s impler  problems, b u t  a 
s ta r t  can c e r t a i n l y  b e  made. 
5.4, Orbi t  C o r r e c t i o n  
It seems w e l l  e s t a b l i s h e d  t h a t  m u l t i p l e  impulses  w i l l  m a t e r i a l l y  
It appears  t h a t  reduce  t h e  amount of  f u e l  necessary f o r  o r b i t  c o r r e c t i o n .  
f o u r  impulses would b r i n g  t h e  f u e l  requirements  reasonably  c l o s e  t o  t h e  
a b s o l u t e  minimum. The f u e l  t hus  saved w i l l  have t o  b e  balanced a g a i n s t  
t h e  a d d i t i o n a l  complexity of  t h e  mul t ip l e  burns.  
5-5, Combinations o f  Propuls ion and Cor rec t ion  
I f  t h e  primary propuls ion  system i s  used f o r  a m u l t i p l i c i t y  of  
impulses ,  t h e  p o s s i b i l i t y  ar ises  of doing o r b i t  c o r r e c t i o n s  a t  t h e  same 
t i m e  as a major burn,  This, i n  turn,  ra ises  t h e  p o s s i b i l i t y  of  formula t ing  
b o t h  t h e  propuls ion  and guidance problems as a s i n g l e  s t o c h a s t i c  o p t i m i z a t i o n  
problem, minimizing t h e  t o t a l  f u e l  r equ i r ed  t o  g e t  t o  t h e  d e s i r e d  t a r g e t  w i t h  
the d e s i r e d  accuracy. 
68 
It i s  o f fe red  as an opinion of t h e  au tho r  t h a t  no b e n e f i t s  would 
b e  d e r i v e d  from t h i s  approach which would b e  c o n s i s t e n t  w i t h  t h e  d i f f i c u l t i e s  
involved. 
which are a t  leas t  as a c c u r a t e  as c u r r e n t  ones. 
guidance were employed, then,  perhaps, a combined approach might o f f e r  worth- 
w h i l e  f u e l  savings.  Cur ren t ly ,  the impulses r e q u i r e d  f o r  guidance c o r r e c t i o n s  
are so much smaller than  f o r  primary p ropu l s ion  t h a t  t h e  guidance and p ropu l s ion  
problems can b e  uncoupled wi thou t  a p p r e c i a b l e  penal ty .  
This s t a t emen t  assumes  t h a t  launch guidance systems w i l l  b e  used 
I f  cons ide rab ly  poorer  launch 
ACR: h l g  
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